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Abstract. We develop Floer theory of Lagrangian torus fibers in compact 
symplectic toric orbifolds. We first classify holomorphic orbi-discs with bound- 
ary on Lagrangian torus fibers. We show that there exists a class of basic 
discs such that we have one-to-one correspondences between a) smooth ba- 
sic discs and facets of the moment polytope, and b) between basic orbi-discs 
and twisted sectors of the toric orbifold. We show that there is a smooth La- 
grangian Floer theory of these torus fibers, which has a bulk-deformation by 
fundamental classes of twisted sectors of the toric orbifold. We show by several 
examples that such bulk-deformation can be used to illustrate the very rigid 
Hamiltonian geometry of orbifolds. We define its potential and bulk-deformed 
potential, and develop the notion of leading order potential. We study leading 
term equations analogous to the case of toric manifolds by Fukaya, Oh, Ohta 
and Ono. 
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1. Introduction 

The Floer theory of Lagrangian torus fibers of symplectic toric manifolds has 
been studied very extensively in the last decade, starting from the case of CP" in 
[Clj and the toric Fano case in [CO] . These are based on the Lagrangian Floer 
theory ([FT]. |Q1| . |Q2| L whose general construction was developed by Fukaya, Oh, 
Ohta and Ono |F( )()()] . More recent works |FOOQ2| , [FOOQ3] . |F()()()4j have used 
the (bulk) deformation theory developed in |FOOO) . bringing deep understanding 
of the theory in toric manifolds, and providing beautiful pictures of (homological) 
mirror symmetry and symplectic dynamics. 

We develop an analogous theory for compact symplectic toric orbifolds in this 
paper. Namely, this paper can be regarded as an orbifold generalization of [Clj . 
[CO] . |FOOQ2j |FOOQ3j . We will see that the main framework is very similar, 
but that the characteristics of the resulting Floer theory for toric orbifolds are 
somewhat different than those of toric manifolds. 

The main new ingredient is the orbifold J-holomorphic disc (called orbi-disc). 
These are J-holomorphic discs with orbifold singularity in the interior. The study 
of toric manifolds has illustrated that understanding holomorphic discs is a crucial 
step in developing Lagrangian Floer theory. The holomorphic discs can be used to 
define the potential, corresponding to the Landau- Ginzburg superpotential for the 



LAGRANGIAN FLOER THEORY FOR TORIC ORBIFOLDS 



3 



mirror and the potential essentially computes the Lagrangian Floer cohomology of 
the torus fibers. Holomorphic discs (which are non-singular) were classified in |CO| . 
We find a classification for holomorphic orbi-discs in section [6] 

One of the main observations of this paper is that the orbifold Lagrangian Floer 
theory should be considered in the following way. Let us consider a Lagrangian sub- 
manifold L which lies in the smooth locus of a symplectic orbifold X . Then, there 
is a Lagrangian Floer theory of L which only considers, maps from smooth(non- 
orbifold) (stable) bordered Riemann surfaces. (Here smooth means that there is no 
orbifold singularity, but it could be a nodal Riemann surface.) Namely, there is a 
smooth Lagrangian Floer cohomology, and smooth Aoo-algebra of L, by consider- 
ing smooth J-holomorphic discs and strips. We remark that smooth J-holomorphic 
discs can meet orbifold locus if it has correct multiplicity around the orbifold point, 
as will be seen in the basic discs later. 

Then, the new ingredients, orbifold J-holomorphic strips, and discs, enter into 
the theory in the form of bulk deformation of the smooth Floer theory. Bulk 
deformation was introduced in |FOOO] to deform the given Lagrangian Floer theory 
by an ambient cycle in the symplectic manifold. Orbifold J-holomorphic strips and 
discs can be considered to give bulk deformations from the fundamental cycles of 
twisted sectors of the symplectic orbifold X. In the case of manifolds, the bulk 
deformation utilizes the already existing J-holomorphic discs in the Floer theory, 
but for orbifolds, the orbifold strips and discs do not exist in the smooth Floer 
theory. We observe that the mechanism of bulk deformation by orbifold maps 
captures the very rigid Hamiltonian geometry of symplectic orbifolds. 

As noted in |Wo) . [WW) . |ABM| . the dynamics of Hamiltonian vector fields in 
symplectic orbifolds are quite restrictive. This is because the induced Hamiltonian 
diffeomorphism should preserve the isomorphism type of the points in the given 
orbifold. This phenomenon can be easily seen in the example of teardrop orbifold 
which will be explained later in this introduction. For example, in [F0002 or 
|FOOQ3l , Fukaya, Oh, Ohta and Ono find locations of non-displaceable Lagrangian 
torus fibers in toric manifolds, which turn out to be always codimension one or 
higher in the corresponding moment polytopes. For toric orbifolds, already in the 
case of teardrop orbifold, we find codimension locus of non-displaceable fibers, 
and we will find in Proposition |15. 2] that if all the points in the toric divisors have 
orbifold singularity, then in fact all Lagrangian torus fibers are non-displaceable. It 
is quite remarkable that this phenomenon can be explained as a flexibility to choose 
bulk deformation coefficient in the leading order potential, which is essentially due 
to the fact that the orbifold discs and strips do not appear in the smooth Lagrangian 
Floer theory. 

We remark that the non-displaceability of torus orbits in toric orbifolds such as 
discussed in our examples has been recently proved by Woodward |Woj . Wilson- 
Woodward | WW] using gauged Floer theory, which is somewhat different from our 
methods. Their work is roughly based on holomorphic discs in C m and gauged the- 
ory for symplectic reduction. But note that the actual bulk orbi-potentials defined 
in this paper cannot be defined using their methods, as orbifold discs with more 
than one orbifold marked point do not come from discs in C m . Also the formalism 
of bulk deformation developed in this paper seems to give more intuitive under- 
standing of these non-displaceabililty results in orbifolds, which should generalize 
to a non-toric setting. 
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Beyond the symplectic dynamics of the toric orbifolds, the development of this 
theory can be meaningful in the following aspects. First, it provides basic ingredi- 
ents to study (homological) mirror symmetry([KoJ) of toric orbifolds. In |FOOQ4j . 
mirror symmetry of toric manifolds has been proved using Lagrangian Floer theory 
of toric manifolds. It is easy to see that the similar formalism may be used to 
explain mirror symmetry of toric orbifolds, which we leave for future research. 

Second, the study of orbifold J-holomorphic discs provides a new approach to 
study the crepant resolution conjecture, which relates the invariants of certain orb- 
ifolds and its crepant resolutions. In a joint work of the first author, with K. Chan, 
S.C. Lau, H.H. Tseng, we will formulate an open version of the crepant resolution 
conjecture for toric orbifolds, and we find a geometric explanation for the change 
of variable in Kahler moduli spaces of a toric orbifold and its crepant resolution. 
Also, this provides a natural explanation of specialization to the root of unity in 
the crepant resolution conjecture, in terms of associated potential functions. 

Now, we explain the basic setting and results of the paper in more detail. Com- 
pact symplectic toric orbifolds have one-to-one correspondence with labeled poly- 
topes (P, c), as explained by Lerman and Tolman |LT] , Here P is a simple rational 
polytope equipped with positive integer labels c for each facet. Also the underly- 
ing complex orbifold may be obtained from the stacky fan of Borisov, Chen and 
Smith |BCSj . Stacky fan is a simplicial fan in a finitely generated Z- module N 
with a choice of lattice vectors in one dimensional cones. A stacky fan corresponds 
to a toric orbifold when the module TV is freely generated. The moment map fix 
exists for the Hamiltonian torus action on a symplectic toric orbifold, and each 
Lagrangian T n orbit is given by L(u) = fj,^, (u) for an interior point u G P. 

We recall that orbifolds are locally given as quotients of Euclidean space with 
a finite group action, and the study of Gromov-Witten theory has been extended 
to the case of orbifolds in the last decade, starting from the work of Chen and 
Ruan in |CR| . In particular, they have introduced J-holomorphic maps from orbi- 
curves to an almost complex orbifold and have shown that a moduli space of such 
J-holomorphic maps of a fixed type has a Kuranishi structure and a virtual funda- 
mental cycle, hence can be used to define Gromov-Witten invariants. 

To find holomorphic orbi-discs with boundary on L(u), we first define what we 
call the desingularized Maslov index for J-holomorphic orbi-discs. This is done 
using the desingularization of the pull-back orbi-bundle introduced in CRJ. The 
standard Maslov index cannot be defined here since the pull-back tangent bundle 
is not a vector bundle but an orbi-bundle. (See |CSj for related results). We then 
establish a desingularized Maslov index formula in terms of intersection numbers 
with toric divisors (analogous to |Clj . [CO] ). 

There is a class of holomorphic (orbi)-discs, which play the role of Maslov index 
two discs in the smooth cases. We call them basic discs, and they are either smooth 
holomorphic discs of Maslov index two, or holomorphic orbi-discs with one orbifold 
marked point, of desingularized Maslov index zero. These basic discs are relevant 
for the computation of Floer cohomology of Lagrangian torus fibers. We find that 
there exist holomorphic orbi-discs corresponding to each non-trivial twisted sector 
of the toric orbifold, which are basic. In addition, we find the area formula of the 
basic orbi-discs and prove their Fredholm regularity. 

We can use smooth J-holomorphic discs to set up smooth Aoo-algebra for a 
Lagrangian torus fiber L, and its smooth potential function PO(b) for bounding 
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cochains b £ iJ 1 (L; Ao) in the same way as in |FOQ02j . This potential PO(b) can 
be used to compute smooth Lagrangian Floer cohomology for L, by considering 
its critical points. The leading order potential of PO(b) is in fact, what is usually 
called Hori-Vafa Landau-Ginzburg superpotential of the mirror [HV . 

Now, as explained above, we can use orbifold J-holomorphic discs and strips to 
set up bulk deformation of the above smooth Lagrangian Floer theory, following 
[FOOQ31 . The bulk deformed A^-algebra gives rise to a bulk deformed potential 
PO b (b), which is a bulk deformation of the potential PO(b) above. The leading 
order potential of PO b (b), which we denote by PO b rb (b) can be explicitly written 
down from the classification results on basic (orbi)-discs. 

Note that full bulk-deformed potential PO ' (b) is difficult to compute, but the 



leading order potential PO b rb0 (b) given in (PETTI) can be used to determine non- 
displaceable Lagrangian torus fibers, by studying the corresponding leading term 
equation of PO b orhfi (b) as in |F()()()3j . 

More precisely, consider the bulk deformation term b = b sm + b or b given by 

YZx b i D i e A + 

Here, D^s are toric divisors, and \x v are fundamental classes of twisted sectors. 
Leading order potential PO b rb is explicitly defined as 

PO b orbfi = Zl + --- + z m + b " z " ( L2 ) 
Here v = J3t=i c i^i G iV so that z" is well-defined Laurent polynomial of yi, ■ ■ ■ ,y n , 

It is important to note that the leading order potential PO(b)o, in the case 
of toric manifolds, is independent of bulk parameter b, but in our case, PO b rb0 
depends on the choice of b v . In particular, this term provides a freedom to choose 
appropriate values, and different choice of b v will change the leading term equation. 

The construction of Aoo-algebra, and its bulk-deformation, and those of A^- 
bimodules for a pair of Lagrangian submanifolds, and the related isomorphism 
between the Floer cohomology of bimodule and of ^loo-algebra are almost the same 
as that of |FOOQ2j . and |FOOQ3] . To keep the size of the paper reasonable, we 
only explain how to adapt their constructions in our cases. 

To illustrate the results of this paper, we explain the conclusions of the paper in 
the case of a teardrop orbifold P(l,3). The teardrop example is explained in more 
detail in section [15. 11 

The teardrop orbifold has an orbifold singularity at the north pole N, with 
isotropy group Z/3. The moment map fir has an image given by an interval 
[—1/3,1], and we put integer label 3 at the vertex (—1/3). The inverse image 
At^ 1 ([— 1/3, 0)) defines an open neighborhood Un of the north pole N, with a uni- 
formizing cover U N ^ D 2 with Z/3-action. The inverse image of \i T ((0, 1]) defines 
a neighborhood Us of the south pole S. The length for Um is one third of that 
of Us, since the symplectic area of Un should be considered as that of one third 
of the uniformizing cover D 2 . Hamiltonian function H is an invariant function on 
Un near Un, and hence N is a critical point of such iJ.Thus any Hamiltonian flow 
fixes N, and a nearby circle fiber cannot be displaced from itself as illustrated in 
the Figure. But the fiber for u > 1/3 can be displaced in the open set 
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Figure 1. Teardrop 



P(l,3) \ {N}. Thus the fibers /^(w) for « e (-1/3,1/3] are non-displaceable as 
shown in |Wo| . This is a prototypical example of Hamiltonian rigidity in symplectic 
orbifolds. 

As explained in more detail in section |15.1| such non-displaccability can be 
proved using our methods. First, the (central) fiber ^^(O) can be shown to be 
non-displaceable using smooth Lagrangian Floer theory, since the two smooth holo- 
morphic discs (of Maslov index two) with boundary on //^(O) has the same sym- 
plectic area and cancels each other in the Floer differential. This is because that 
the smooth disc wraps around J/jv three times, which then has the same symplectic 
area as the smooth disc covering Us- 

Then, if we introduce bulk deformation by twisted sectors, then we can show that 
fibers ^ ( u ) for u 6 (—1/3, 1/3] are indeed non-displaceable. Namely, instead of 
cancelling smooth discs covering upper and lower hemisphere, we can cancel the 
smooth disc covering Us with one of the orbi-disc of N. Their symplectic areas do 
not match, but as the orbi-discs appear as bulk-deformations, we can adjust the 
coefficient b„ to match their areas using our freedom to choose such coefficients. 
Note that this method does not work for the fibers with u e (1/3, 1) since the areas 
of orbi-discs are bigger than that of the smooth disc covering S, and since b„ should 
lie in A+. 

Acknowledgement : 

First author would like to thank Kaoru Ono for the comment regarding the 
Proposition 15.2 and Siu-Cheong Lau for helpful discussions on orbi-potentials, 
and Kwokwai Chan for helpful comments on the draft. Part of the paper is written 
in the first author's stay at Northwestern University as a visiting professor, and 
he would like to thank them for their hospitality. The second author thanks Seoul 
National University for its hospitality on many occasions. He also thanks Bernardo 
Uribe and Andres Angel for discussions on related topics. 

Notation: 

Throughout the paper, X is an orbifold and X is the underlying topological 
space. We denote by IX the inertia orbifold, T = {0} U X", the index set of inertia 
components. We denote by l v the rational number called age or degree shifting 
number associated to each connected component X v . For toric orbifolds, we will 
identify T and denote it as Box in definition |4.1| 
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The lattice N = Z™ parametrizes the one parameter subgroups of the group 
(C*) n . Let M be its dual lattice. £ is a rational simplicial polyhedral fan in Nr, 
and P C Mr is a rational convex polytope. 

The minimal lattice vectors perpendicular to the facets of P, pointing toward 
the interior are denoted by v±, ■ ■ ■ ,v m . Certain integral multiples bj — CjVj will 
be called stacky vectors. 

For u £ M M , let 

e j (u) = {u,b j )-\ j . (1.3) 
Then the moment polytope P and its boundary are given by 

P = {u e M M I £i(u) > 0,i = 1, • • • ,m}, d t P = {u e M M \ £ l (u) = 0}. 

Here diP is the i-th facet of the polytope P. 

Let [It ■ X — > P be the moment map. Consider u £ Int(P) and denote L(u) = 
(u). We may write L instead of L(u) to simplify notations. 

We will consider the coefficient ring R to be R (as we work in de Rham model of 
Aoo-algebra) or C (when finding the critical point of the potential). To emphasize 
the choice of coefficient ring R in the Novikov ring below, we may write A r ,Aq 
instead of A, Ao. 

Universal Novikov ring A and Aq is defined as 



A = {V a ( T Al | a t £ R, A; £ R, lim X l = oo}, (1.4) 

' J i— yoo 

i=l 

oo 

A = {^a ( T A - g A | A, £ R> }. (1.5) 

»=i 

oo 

A+ = {J2 a i TXi eA l Ai>0}. (1.6) 

i=l 

In [FOOO , the universal Novikov ring Ao ino „ is defined as 



A ,nov = { / , a i T ie 



a, £ R. rii £ Z, A, £ R>o, lim Aj = oo > . (1-7) 



This is a graded ring by defining degT = 0, dege = 2. and A nov and Aq nov can be 
similarly defined. By forgetting e from A 0jrao „ and working with A , we can only 
work in Z 2 graded complex. 

We define a valuation Ot on A by 



oo 

«=o 



It is unfortunate but due to the convention, three b's, written as b,b,b will be 
used throughout the paper, each of which has a different meaning. Here bj is the 
stacky normal vector to j-th facet of the polytope, b = ^Xiei denotes a bounding 
cochain in iJ 1 (L, Ao), and b denotes the bulk bounding cochain. 

2. J-HOLOMORPHIC DISCS AND MODULI SPACE OF BORDERED STABLE MAPS 

In this section, we discuss moduli spaces of isomorphism classes of stable maps 
from a genus prestable bordered Riemann surfaces with Lagrangian boundary 
condition together with interior orbifold marked points of a fixed type. Let (X, uj, J) 
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be a symplectic orbifold with a compatible almost complex structure. Let L C X 
be a Lagrangian submanifold (in the smooth part of X). 

An orbifold Riemann surface S is a Riemann surface E ( with complex structure 
j) together with the orbifold points z\,- ■■ , Zfc G E such that each orbifold point 
zi G E has a disc neighborhood U of Zi which is uniformized by a branched covering 
map br : z — > z mi . We set m = 1 for smooth points z G E. If E has a non-trivial 
boundary, we always assume that 9E is smooth, and that orbifold points lie in the 
interior of E and such £ will be called bordered orbifold Riemann surface. Hence 
£ can be written as (E, z, rh) for short. 

Definition 2.1. Let £ be an (bordered) orbifold Riemann surface. 

A continuous map / : E — > X is called pseudo-holomorphic if for any zq G E, 
the following holds: 

(1) There is a disc neighborhood of zo with a branched covering br : z —> z m . 

(2) There is a local chart (V/( 2o ), Gft Zo \, tt/( Zo )) of X at f(zo) and a local lifting 
f zo of / in the sense that / o br = 717 ( Zo) o / ZQ . 

(3) /z is pseudo-holomorphic. 

(4) If 9E 7^ 0, the map / satisfies the boundary condition f(dX) C L. 

We need a few technical lemmas following |CR| regarding orbifold maps, and we 
refer readers to the Appendix or |CR] for more details. 

Definition 2.2. A C°° map f : £ — > X is called regular if f~ 1 {X reg ) is an open 
dense and connected subset of X. 

Lemma 2.1. // £ is an bordered orbifold Riemann surface and f : E — > X is 
regular and pseudo-holomorphic with Lagrangian boundary condition, then it is the 
unique germ of C°° liftings of f . Moreover f is good with a unique isomorphism 
class of compatible systems. 



Lemma 2.1 may be proved using the main idea of Lemma 4.4.11 in [CR together 
with the result on the local behavior of a pseudo-holomorphic map from a Riemann 
surface near a singularity in the image, given in Lemma 2.1.4 of |CRj . This latter 
result yields unique continuity of a local lift of a pseudo-holomorphic map near a 
singularity in the target. 

Lemma 2.2. Suppose f : E — > X is a pseudo-holomorphic map with interior 
marked points z^ = [z^ , . . . , z^), such that /(<9E) does not intersect the singular 
set of X . Then there exist a finite number of orbifold structures on E with singular 
set contained in z^ , for which there are good C°° maps covering f. Moreover for 
each such orbifold structure there exist a finite number of pairs (f , £) where f is a 
good map lifting f and £ is an associated isomorphism class of compatible systems. 
The number of such pairs is bounded above by a constant that depends on X , the 
genus of E and k only. 

The proof of the above lemma is very similar to Chen-Ruan's proof in the case 
without boundary, see Proposition 2.2.1 in |CR| . Simply note that the homomor- 
phisms 0^ o £j and 9^ of |CR| are well defined in our case by an application of Lemma 

mn 

The construction of the moduli space is a combination of the construction of 
Fukaya, Oh, Ohta and Ono [FOOOj regarding Lagrangian boundary condition, 
and that of Chen-Ruan |CR] regarding the interior orbifold singularities. 



LAGRANGIAN FLOER THEORY FOR TORIC ORBIFOLDS 



9 



We recall the definition of genus prestable bordered Riemann surfaces from 
[FOOOj . 

Definition 2.3. £ is called a genus prestable bordered Riemann surface if £ 
is a possibly singular Riemann surface with boundary <9£ such that the double 
S Ugs E is a connected and simply connected compact singular Riemann surface 
whose singularities are only nodes. (£, z, z^) is called a genus prestable bordered 
Riemann surface with (k, I) marked points if £ is a genus prestable bordered 
Riemann surface and z = (z , • • • , z^-i) are boundary marked points on (9£ away 
from the nodes, and z^ = (z^ , • • • , zf) are interior marked points in £ \ <9£. 

A genus prestable bordered Riemann surface (£, z, z + ) is said to be stable 
if each sphere component has three special(nodal or marked) points and each disc 
component £„ satisfies 2l v + k v > 3 where l v is the number of interior special points 
and k v is the number of boundary special points. We denote by Mkd the space of 
isomorphism classes of genus stable bordered Riemann surfaces with (fc, I) marked 
points. From the cyclic ordering of the boundary marked points, Mk.i has (k — 1)! 
connected components. The main component .A/f™"™ is defined by considering a 
subset of curves in M.k,i whose the boundary marked points are ordered in a cyclic 
counterclockwise way (for some parametrization of 9£ as S 1 for stable case). 

We give the definition of genus prestable bordered orbi-curve following |CR] 
and |F( )()()! ■ 

Definition 2.4. z + ) is called a genus prestable bordered orbi-curve (with 

interior singularity) with (fc, I) marked points if (£, z, z + ) is genus prestable bor- 
dered Riemann surface with (k,l) marked points with the following properties: 

(f ) Orbifold points are contained in the set of interior marked points and inte- 
rior nodal points. 

(2) A disc neighborhood of an interior orbifold marked point zf is uniformized 
by a branched covering map z H > z mi . 

(3) A neighborhood of interior nodal point(which is away from <9£) is uni- 
formized by (X(0,rj),Z nj ). 

Recall from |CR] that the local model of the interior orbifold nodal point, 
(X(Q,rj),'Z nj ), is defined as follows: For any real number t > 0,r > 0, set 
X(t,r) = {(x,y) e C 2 | ||x||,||y|| < r,xy — t}. Fix an action of 7L m on X(t,r) 
for any m > 1 by e 2 W m . ( Xj = (e 27 "/ m a;, e~ 27T ^ m y). The branched covering map 
X(t,r) ->• X(t m ,r m ) given by (x,y) (x m ,y m ) is Z m -invariant. So (X(i,r),Z m ) 
can be regarded as a uniformizing system of X(t m ,r m ). Here m,i,nj are allowed 
to take the value one. in which case the corresponding orbifold structure is trivial. 
Hence, a data of genus prestable bordered orbi-curve includes the numbers mi, nj 
but we do not write them for simplicity. A notion of isomorphism and the group of 
automorphisms of genus prestable bordered orbi-curves with interior singularity 
is defined in a standard way, and omitted. 

Now we define orbifold stable map to be used in this paper. We write £ = [j v T, v 
for each irreducible component £„. 

Definition 2.5. A genus stable map from a bordered orbi-curve with (fc, I) 
marked points is a pair ((S, z, z + ), w, £) satisfying the following properties: 

(1) (S, z, z + ) be a genus prestable bordered orbi-curve 
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(2) w : (£, <9£) — > (X,L) is a pseudo-holomorphic map (see Definition 2.1 1. 
(Here, we say that w is pseudo-holomorphic (resp. good) if each w v is 
pseudo-holomorphic (resp. good) and induce a continuous map w : £ — > 

x.) 

(3) w is a C°° good map with an isomorphism class £ of compatible systems. 

(4) w is representable i.e. it is injective on local groups. 

(5) The set of all <j> : £ — > £ satisfying the following properties is finite. 

(a) (/) is biholomorphic. 

(b) 4>{zi) = Zi,(f>(z+) = zf 

(c) W O <f) = W 

Definition 2.6. Two stable maps ((Si, z\, z^), w\, £i) and ((S2, £2, z%), W2, £2) 
are equivalent if there exists an isomorphism h : (Si,z*i,i^) — > (S2, Z2, z%) such 
that u>2 o h — w\ and £1 = £2 h , i.e. the isomorphism class £2 pulls back to the 
class £1 via h. 

Definition 2.7. An automorphism of a stable map ((S, z, z^), w, Q is a self equiv- 
alence. The automorphism group is denoted by .<4ui((S, z, z^~), w, ^) . 

Given a stable map ((S, z, z*~), w, £,), we associate a homology class w*([£]) e 
H2(X,L). Note that for each interior marked point z+ (on T, v ), £ v determines by 
the group homomorphism at Zj, a conjugacy class (gj), where gj € G w ( Zj y 

Let JA" be the inertia orbifold of X . Denote by T = {0} U T" the index set of 
inertia components, and for (g) G T, call the corresponding component ^(g)- Here 
A"( ) is A" itself, and elements of x G are written as (x,g). 

We thus have a map eu^ sending each (equivalence class of) stable map into IX 

by 

evf : ((E,B,z**~),w,£) -> {w(zf),gi). 
Denote by { = {1, • • • , 1} and consider the map x : I — > T describing the inertia 
component for each (orbifold) marked point. A stable map ((S, z, z + ), w, is said 
to be of type x if for i = 1, • • • , I, 

ew+((S,z,z f ), iu,£) G 

Definition 2.8. Given a homology class /3 € H 2 (X, L), we denote by Mk,i(L, J, j3, x) 
the moduli space of isomorphism classes of genus stable maps to X from a bor- 
dered orbi-curve with (k, I) marked points of type x and with «;»([£]) = j3. We 
denote by M^f n {L, J, /3, x) the sub-moduli space with (S, z, z+) <E M%? ln . 

Remark 2.9. We follow the notations of |FOOOj and denote by M. the compact- 
ified moduli space, and by M reg the moduli space before compactification. 

We can give a topology on the moduli space JATf in (L, J, /3, x) in a way similar to 
[FOn] . [FOOO] and [CR2] (definition 2.3.7). As it is standard, we omit the details. 
Following Proposition 2.3.8 and Lemma 2.3.9 of Cl{ . we have 

Lemma 2.3. The moduli space A4™i" l (L, J, /?, x) is compact and metrizable. 

The symplectic area of elements in M™f m (L, J, /3,x) only depends on the ho- 
mology class (3 and the symplectic form uj. 

The orientation issues can be dealt exactly in the same way as in [FOOOj . 
Theorem 2.1.30 together with Proposition 3.3.5 of |URj show that the Kuranishi 
structure for orbifold case is stably complex. 



LAGRANGIAN FLOER THEORY FOR TORIC ORBIFOLDS 



11 



Theorem 2.4. Let L be relatively spin. Then a choice of relative spin structure of 
L C X canonically induces an orientation of M.™f m (L,J,j3,x). 

We will consider the moduli space A4^ ln (L, /?, x) (with J = Jo the standard 
complex structure of the toric orbifolds) in more detail later, but the virtual di- 
mension of the moduli space is given as follows. 

Lemma 2.5. The virtual dimension of the moduli space A4™f m (L,f3,x) is 

n + // e (/3, x) + k + 2l-3 = n + ^ C w{P) + k + 21 - 3 - 2i{x). 

In the next section, we will explain [i de which is the desingularized Maslov index 
of (13, x), and ncwifi) which is the Chern-Weil Maslov index of [CSj . Let i(x) = 
J2i f° r x = (^"(gi); ' ' ' 7 X( gi )) where is the degree shifting number defined 
by Chen-Ruan |CR2j . We remark that the desingularized Maslov index depends on 
x as we need to desingularize the pull-back tangent orbi-bundle, which depends on 
x. 

3. Desingularized Maslov index 
Maslov index is related to the (virtual) dimension of moduli spaces in Lagrangian 



Floer theory (Lemma 2.5). For orbifolds, the standard definition of Maslov index 
does not have natural extension, since the pull-back tangent bundle under a good 
map is usually an orbi-bundle which is not a trivial bundle over the bordered orbi- 
curve. 

In this section, we define, what we call, desingularized Maslov index, and provide 
computations of several examples of holomorphic orbi-discs, which will appear in 
later sections. On the other hand, recently, the first author and H.-S. Shin |CSj 
gave Chern-Weil definition of Maslov index, which is given by curvature integral 
of an orthogonal connection. This Chern-Weil definition naturally extends to the 
orbifold setting, and the relation between Chern-Weil and desingularized Maslov 
indices has been discussed in |CSj . We give a brief explanation at the end of this 
section. 



3.1. Definition of desingularized Maslov index. Chen and Ruan [CR have 
shown that for orbifold holomorphic map u : £ — > X from a closed orbi-curve with- 
out boundary to an orbifold, the Chern number Ci(TX)([E}) (defined via Chern- 
Weil theory) is in general a rational number and by suitable subtraction of degree 
shifting number for each orbifold point, one obtains the Chern number of a desin- 
gularized bundle which is an honest bundle. Hence the corresponding number is an 
integer. It is related to the Fredholm index for the moduli spaces. 

The similar phenomenon happens for orbi-discs (discs with interior orbifold sin- 
gularities) . We will mainly work with a Maslov index of a desingularized orbi-bundle 
and such an index will be called desingularized Maslov index for short, and this 
will be an integer. 

Let us first recall the standard definition of Maslov index for a smooth disk with 
Lagrangian boundary condition. If w : (D 2 ,dD 2 ) — > (X, L) is a smooth map of 
pairs, we can find a unique symplectic trivialization (up to homotopy) of the pull- 
back bundle w*TX = D 2 x C". This trivialization defines a map from S 1 = dD 2 
to (U(n)/0(n)), the set of Lagrangian planes in C", and the Maslov index is a 
rotation number of this map composed with the map det 2 : (U(n)/0(n)) — > U(l) 
(see | Ar| ) . For bordered Riemann surfaces with several boundary components, one 
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can define its Maslov index similarly by taking the sum of Maslov indices along 
SE using the fact that a symplectic vector bundle over a Riemann surface with 
boundary E is always trivial. The data of symplectic vector bundle over E, and 
Lagrangian subbundle over 9E is called a bundle pair, and one can define Maslov 
index for any bundle pair in the same way. 

Next, we recall the desingularization of orbi-bundle on an orbifold Riemann 
surface by Chen and Ruan ( |CR| ) which plays a key role. 

Consider a closed (complex) Riemann surface E, with distinct points z — (z\, ■ ■ ■ , z^) 
paired with multiplicity m = (mi, • • • , TOfc). We consider the orbifold structure at 
Zi which is given by the ramified covering Zi — > z™ i . For simplicity we denote it as 
E = (E,z, to), which is a closed, reduced, 2-dimcnsional orbifold. 

Consider a complex orbi-bundle E be over S of rank n. Then, at each singular 
point Zi, E gives a representation p t : Z m . — ¥ Aut(C n ) so that over a disc neigh- 
borhood Di of Zi, E is uniformized by (Di x C",Z m .,7r) where the action of Z m . 
on Di x C™ is defined as 

e 27rl/m * • (z,w) = (e 27r ^ m 'z, Pl (e 2nl/m ^)w) (3.1) 

for any w G C". Note that pi is uniquely determined by integers (m^i, • • • ,m i n ) 
with < Tfii j < TTii, as it is given by the matrix 

Pi {e 2 ™ /nH ) = diag(e 2nm ^ l/m ',--- ^t™*.*/™*). (3.2) 

The sum r ^ 2 - is called the degree shifting numberf |CR| ). 

Over the punctured disc Di \ {0} at Zi, E is given a specific trivialization from 
(Di x C",Z mi ,7r) as follows: consider a Z mi -equivariant map ^ : D \ {0} x C" — > 
D\ {0} x C™ 'defined by 

(z,wi,w 2 ,--- ,w n ) (z m \z- m ^w x ,--- ,z- m '-"w n ), (3.3) 

where Z m; action on the target D \ {0} x C n is trivial. Hence ^>i induces a trivial- 
ization : -Ed;\{o} ~ ^ Di \ {0} x C™. We may extend the smooth complex vector 
bundle i?s\{ Zli ... iZfc } over E \ {zi, • • • , z^} to a smooth complex vector bundle over 
E by using these trivializations for each i. The resulting complex vector bundle 
is called the desingularization of E and denoted by \E\. 

The essential point as observed in |CR] is that the sheaf of holomorphic sections 
of the desingularized orbi-bundle and the orbibundlc itself are the same. 

Proposition 3.1 QCR Proposition 4.2.2). Let E be a holomorphic orbifold bundle 
of rank n over a compact orbicurve (E,2;,m) of genus g. The O(E) equals 0(\E\), 
where 0(E) and 0(\E\) are sheaves of holomorphic sections of E and \E\. 

As the local group action on the fibers of the desingularized orbi-bundle \E\ is 
trivial, one can think of it as a smooth vector bundle on E which is analytically 
the same as E (In other words, there exist a canonically associated vector bundle 
\E\ over the smooth Riemann surface E). Hence, for the bundle \E\, the ordinary 
index theory can be applied, which provides the required index theoretic tools for 
the orbibundlc E. 

Now we give a definition of the desingularized Maslov index, which determines 
the virtual dimension of the moduli space of J-holomorphic orbi-discs. 

Definition 3.1. Let E = (E,z, to) be a bordered orbi-curve with (0, £;) marked 
points. Let u : E — » X be an orbifold stable map. Then, u*TX is a complex 
orbi-bundle over E, with Lagrangian subbundle u|^ s TL at 9E. Let |u*TX| be the 
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desingularized bundle over S( or £), which still have the Lagrangian subbundle at 
the boundary from u\* dY TL. The Maslov index of the bundle pair (\u*TX\, u\* QY TL) 
over (£, <9£) is called the desingularized Maslov index of u, and denoted by n de (u). 
Note that this index is well-defined as it is independent of the choice of compatible 
system for u, within the same isomorphism class, by Lemma |16.1| 

3.2. Examples of computations of the index. Here we give a few examples 
of computations of the desingularized Maslov indices. Consider the orbifold disc 
T> with Zp singularity at the origin, and the orbifold complex plane C with Z p 
singularity at the origin. Let the unit circle L = S 1 E C a Lagrangian submanifold. 
Consider the natural inclusion u : T> — > C. 

Lemma 3.2. The desingularized Maslov index of u equals 

Proof. Consider the tangent orbibundle TT> over T>, and its uniformizing chart 
D 2 x C = {(z, w)\z € D 2 , w G C} with the Z p action given by 

e 27ri/p • (z, w) = (e 2 ™ /p z, e 2m/p w) (3.4) 

Then, the subbundle TL at z E S 1 is given by R • iz C C. We consider its image 
under the desingularization map ^ : D 2 x C — > D 2 x C defined as ^>(z,w) = 
(z p , z~ 1 w). The image of TL via '5 at the point a E D 2 with a = z p is given by 
R • z^iz = i • R c C. 

The desingularization provides a desingularized vector bundle over the orbi-disc 
T>, which is a trivial vector bundle, and the loop of Lagrangian subspaces at the 
boundary is a constant loop. Therefore the desingularized Maslov index is zero. □ 

We now consider a more general case: Consider the orbifold disc T> with Z m 
singularity at the origin, and the complex plane C with Z m „ singularity at the 
origin, and the unit circle L = S 1 € C as a Lagrangian submanifold. Consider the 
uniformizing cover D 2 of 2?, with coordinate z € I? 2 . Consider the uniformizing 
cover C of C, with coordinate y E C. 

Lemma 3.3. Consider the map u : 2? — > C, induced from the map u : D 2 — > C 
defined by u(z) = z k . Here we assume that k,m are relatively prime to ensure that 
the group homomorphism is infective. Then, the desingularized Maslov index of u 
equals 2[k/m] where [k/m] is the largest integer < k/m. 

Proof. Consider the tangent orbibundle TC over C whose uniformizing chart is 
given by C x C = {{y,w)\y,w € C} with the Z m „ action given by the diagonal 
action. Then, the subbundle TL at y € S 1 is given by R • iy C C. We consider 
the pull-back orbibundle, u*TC whose uniformizing chart is given by C x C = 
{(z, w)\z, w £ C} with the Z m action given by 

e 2m ' m ■ (z, w) = (e 2 " /m z, e 2 * kl / m w) (3.5) 

In this chart, the subbundle (u\g-p)*TL is given by (z,R-z fe «) for z 6 3D 2 . Now, we 
consider its image under the desingularization map ^ : D 2 \ {0} x C — > D 2 \ {0} x C 
defined as ^(z, w) — (z m , z~ k w), where k' = k — [k/m]m. The image of TL via ^ 
at the point a E D 2 with a = z m is given by R • z~ k 'iz k = z^ k l m ^ n i • R C C. 

Hence we obtain a trivialized desingularized vector bundle \E\ over T>{ and hence 
D 2 ), and from the above computation, the loop of Lagrangian subspaces along the 
boundary is given by z ^ k / m ^ m i ■ R. But also note that the coordinate on D 2 is in 
fact z m , and hence the desingularized Maslov index of u is 2[k/m\. □ 
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Remark 3.2. Note that in the case that (k, m) are not relatively prime, say d — 
gcd(k,m), then instead of the map from the above orbifold disc, we consider a 
domain with simpler singularity, say T> with Z m u singularity at the origin, and the 
map given by x n- x k / d . The Maslov index of this orbifold holomorphic disc is still 
2[k/m] = 2[{k/d)/{m/d)]. 

The following computations of indices will be used later in the paper. We com- 
pute desingularized Maslow indices for orbi-discs in X = C™ /G Consider the orb- 
ifold disc V with Z m singularity at the origin, and the orbifold X defined by the 
complex vector space C" with an action of a finite abelian group G. Consider the 
uniformizing cover D 2 of T>, with coordinate z 6 D 2 . 

Lemma 3.4. Consider the holomorphic orbi-disc u : (T>,dT>) (X,L), induced 
from an equivariant map u : D 2 — > C™ given by 

(aiz d \--- ,a k z dk ,a k+ll - ■ ■ ,a n ), (3.6) 

where a { e U(l), d. t > for all i. We set d k+1 = ■ ■ ■ = d n = and L = (S 1 )" e C". 
Then, the desingularized Maslov index of u equals 2j^J<ii/m]. 

Proof. Consider the tangent orbibundle TX over X whose uniformizing chart is 
given by C" x C" = {(y,w)\y,w G C™} with the group G acting diagonally. Then, 
the fiber of TL at y is given by (M. ■ iy\ , • • • , R ■ iy n ) g C™ . We consider the pull-back 
orbibundle, u*TX whose uniformizing chart is given by C™ x C™ = {{z,w)\z,w € 
C n } with the Z m action given by 

e 2m/m ■ (z,w) = (e 2m/m z,e 2vdll/m w u ■ ■ ■ , e 2 * d " l/m w n ) . (3.7) 

In this chart, the subbundle [u\qd)*TL is given by 

(z,K • aiz dl v • • ,R ■ a n z dn i). 

Now, we consider its image under the desingularization map ^ : D 2 \ {0} x C" — > 
D 2 \ {0} x C" defined by $(z,w) = (z m , x'^wi, ■ ■ ■ ,x~<w n ), where d\ = d, - 
[di/m]m. We have d' k+1 = ■ ■ ■ , d' n = 0. The image of TL via *]/ at the point a E D 2 
with a = z m is given by 

(••• ,Y[R- z~ d *iz d >,---) = (••• .z^rl.-lcC" 

i 

Hence we obtain a trivialized desingularized vector bundle \E\ over T> 7 and the 
Maslov index of the loop of Lagrangian subspaces over uniformizing cover D 2 is 
2[di/m]m and hence the Maslov index for the orbi-disc u is 2[di/m]. □ 

3.3. Relation to Chern-Weil Maslov index. Now, we explain the Chern-Weil 
construction of Maslov index for orbifold from |CSj and its relationship with the 
desingularized Maslov index defined in this section. 

By bundle pair (£,£) over E, we mean a symplectic vector bundle £ — > £ 
equipped with compatible almost complex structure, together with Lagrangian sub- 
bundle C — > 9E over the boundary of E. Let V be a unitary connection of E, which 
is orthogonal with respect to C : this means that V preserves C along the boundary 
9E. See Definition 2.3 of |CSj for the precise definition. 

Definition 3.3. The Maslov index of the bundle pair (£,£) is defined by 

ficw(£,jC) = — [ tr(F v ) 
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where Fy <G ^ 2 (£, End(8)) is the curvature induced by V. 

It is proved in |CS) that this Chern-Weil definition agrees with the usual topo- 
logical definition of Maslov index. But the above definition of Maslov index has an 
advantage over the topological one in that it extends more readily to the orbifold 
case, as observed in |CSj . In orbifold case, £ is assumed to be a symplectic orbibun- 
dle over orbifold Riemann surface S and the Maslov index is defined by considering 
orthogonal connections which are, in addition, invariant under local group actions. 
Thus, the Maslov index of the bundle pair (£,£) over orbifold Riemann surface 
with boundary is defined as the curvature integral as in Definition |3.3| It is shown 
in |CSj that the Maslov index ncw{£: £) is independent of the choice of orthogo- 
nal unitary connection V and also independent of the choice of an almost complex 
structure. 

Finally, we recall proposition 6.10 of |CS) relating Maslov index with desingu- 
larized Maslov index: 

Proposition 3.5. Suppose S have k interior orbifold marked points of order 
mi, • • • ,m fc , 



where nii j are defined as in (3.2 I 



4. TORIC ORBIFOLDS 

In this paper, we consider compact toric orbifolds. These are more general than 
compact simplicial toric varieties, in that their orbifold singularities may not be 
fully captured by the analytic variety structure. In fact we are mainly interested 
in a subclass called symplectic toric orbifolds. These have been studied by Lerman 
and Tolman |LT) . and correspond to polytopes with positive integer label on each 
facet. In algebraic geometry, Borisov, Chen and Smith [BCS] considered toric DM 
stacks that correspond to stacky fans. The vectors of such a stacky fan take values 
in a finitely generated abelian group N. A toric DM stack is a toric orbifold when 
N is free and in this case the stabilizer of a generic point is trivial. 

4.1. Compact toric orbifolds as complex quotients. Combinatorial data called 
complete fan of simplicial rational polyhedral cones, S, are used to describe com- 
pact toric manifolds (see [Co] or | Au| ) . For the definitions of rational simplicial 
polyhedral cone a and fan S, we refer to Fulton's book [Ful . If the minimal lattice 
generators of one dimensional edges of every top dimensional cone a 6 £ form a 
Z-basis of N, then the fan is called smooth and the corresponding toric variety is 
nonsingular. Otherwise, such a fan defines a simplicial toric variety (which are orb- 
ifolds). The toric orbifolds to be considered here are more general than simplicial 
toric varieties. They need an additional data of multiplicity for each 1-dimensional 
cone, or equivalently, a choice of lattice vectors in them. 

Let iV be the lattice Z™, and let M = Honiz(N,Z) be the dual lattice of rank 
n. Let JVr = N ® R and Mr = M ® R. The set of all fc-dimensional cones in £ will 
be denoted by Y,^ k \ We label the minimal lattice generators of 1-dimensional cones 
in £W as {v±, • • • , v m } := G(£), where Vj — (Vji, • • • , Vj„) € N. For Vj, consider 
a lattice vector bj E N with bj = CjVj for some positive integer Cj. We call bj a 
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stacky vector, and denote b = (b±, ■ ■ ■ ,b m ). For a simplicial rational polyhedral 
fan S, the stacky fan (E, b) defines a toric orbifold as follows. 

We call a subset V = {vi 1 , ■ ■ ■ , vi v } c G(E) a primitive collection if {vi 1 , • • • , Vi } 
does not generate p-dimensional cone in E, while for all k (0 < k < p), each k- 
element subset of V generates a fc-dimensional cone in E. 

Let V — {vi ± , • • • , Vi p } be a primitive collection in G(E). Denote 

A(V) = {{zi,- ■ ■ ,z m ) | z h = ■ ■ ■ = z lp = 0}. 

Define the closed algebraic subset Z(E) in C" as Z(S) = \J-pA(V), where V runs 
over all primitive collections in G(E) and we put (7(E) = C m \ Z(Yj). 

Consider the map n : Z m —> Z n sending the basis vectors e,- to bj for i = 1, • • • , m. 
Note that the K := Ker(n) is isomorphic to Z m ~ n and that ir may not be surjective 
for toric orbifolds. However, by tensoring with R, we obtain the following exact 
sequences. 

-> { -> M m ^> E" -> 0. (4.1) 
-> if -> T m ^> T™ -> 0. (4.2) 

0^if c ^(C*) m ^(C*) n ^0. (4.3) 
Here T m = E m /Z m and the map tt' is defined as 

Tr'CAr,--- ) A m ) = (n^ 1 > - ,n>5n 

i 3 

Here, even though K is free, K may have non-trivial torsion part. For a complete 
stacky fan (E,b), acts effectively on (7(E) with finite isotropy groups. The 
global quotient orbifold 

X s = (7(E)/X C 

is called the compact toric orbifold associated to the complete stacky fan (E, b). We 
refer readers to [BCSj for more details. 

There exists an open covering of 7(E) by affine algebraic varieties: Let a be 
a fc-dimensional cone in E generated by {vi 1 ,--- , Vi k }. Define the open subset 
U{a) c C m as 

7(a) = {(*!, • • • ,z m ) € C m | Zj ? for all j i {i x , ■ ■ ■ ,i k }}. 
Then the open sets U(a) have the following properties: 

(1) 7(E)=U CTeE 7(a); 

(2) if cr ~< a', then U{cr) C 7(<r'); 

(3) for any two cone (J\,o% G E, one has U(<j{) n U{a2) — U(o\ n CT2); in 
particular, 

7(E) = |J [/(a). 

cr£S<") 

We define the open set 7 CT := U(a)/Kc- For toric orbifolds, 7 CT may not be smooth. 

The following lemma is elementary (see the case of smooth toric manifold in [Bl] 
together with the considerations of the orbifold case in |BCS| V 

Lemma 4.1. Let a be a n- dimensional cone in E, with a choice of lattice vectors 
b„ = (&»!,••* ,bi n ) from its one dimensional cones. Suppose that b a spans the 
sublattice Nb a of the lattice N . Consider the dual lattice Mb a D M of Ni,^, and the 
dual TL-basis (u^, ■ ■ ■ ,u in ) in defined by 

(bi h ,u u ) = 5 ktl . 
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Recall that a with the lattice Nh a (resp. N) gives rise to a space U' a (resp. U a ), 
and the abelian group Gb a = N/Nb a acts on U'^ to give 

XJ'JG ha = U„. 

In terms of the variables z\, ■ ■ ■ , z m of the homogeneous coordinate C m , the coor- 
dinate functions x\ , • • • , of the uniformizing open set U' a are given by 



_ (b 1<Uil ) (b m ,u H ) 

In — 6-\ • • • Zrn 



(4.4) 



The Gb a -action on U' a for g G N /Nb a is given by 

g-x° r' ,; '" .»•;. (4.5) 

Now, we discuss C*-action on U' a and U a . In what follows there is a complication 
because there exist a C*-action on the quotient (coming from the C*-action on the 
disc) which does not extend to the C*-action on the uniformizing cover. 

Lemma 4.2. For any lattice vector w £ Nb^ there is an associated C* -action on 
Up given by 

\ w (z)-x° = z {w ' u ^x°. (4.6) 

Proof. From the standard toric theory corresponding to the lattice Nf, a , for any w € 
Nb a , there exists an associated C* action: Let z £ C* , and u € Mb a ■ Toric structure 
provides action X w of w on the function \ u on U' a by \ w {z) ■ (x u ) — z^ w ' u 'x u - The 
lemma follows by writing this formula in terms of coordinates (xj, • • • , x^). □ 

Lemma 4.3. For a lattice vector v G N, there is an associated C* -action on 



the quotient U a as in (4.6). Furthermore, such a ^-action induces a morphism 



C — > U a , if v lies in the cone a. 



Proof. We write v = • Cjbi j for some rational numbers Cj's. Hence, (4.6 1 does not 



provide C*-action of v OT\U' a . But there exists a C*-action of v € N on the quotient 



U' a /G. We define the action X v (z) by the formula (4.6). Then possible values of 
(z(°' Ui i) , • • • ,z( v > Ui ^) for different choices of branch cuts differ by multiplication 
of (e 2, "°' t,,t * i i', • • • , e 2Trm ('".'"iT 1 >) f or some integer a e Z. Therefore the difference is 



exactly given by the G-action (4.5) 



The C*-action corresponding to v defines a map from C* to the principal (C*)™ 
orbit of the toric variety. If v lies in the cone tr, we have (VjUi^ > for all j. In 
this case the above map extends to a map from C to U a (see |Ful) . chapter 2.3). □ 



Definition 4.1. Let a be an <i-dimensional cone in £ with a choice of lattice 
vectors b a = (b il , . . . , b id ). Let Nb a be the submodule of N generated by these 
lattice vectors. Define 

d 

Box ba = {v G N | v =^2c k b ik ,c k G [0,1) }. 
k=l 

This set has one-to-one correspondence with the group 

G K - ((N K ®z Q) n N)/N K . (4.7) 



This generalizes the definition of Gb a = N/Nb a given in Lemma 4.1 for rt-dimensional 
cones. It is easy to observe that if a -< a' , then BoXb a C Box b ,. 
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Define 

Box° ba = Boxb a — [J Boxb T - 

T-<a 

Define 

Box= \J Box bo = \_\ Box° K . (4.8) 

We set Box = {0} U Box' . Box is the index set T of the components of the inertia 
orbifold of the toric orbifold corresponding to (£, b). To every v € Box° h fl Box', 
there corresponds a twisted sector which is isomorphic to the orbit closure O a 
as analytic variety. However it has a specific orbifold structure that includes the 
trivial action of Gb ■ In particular the fundamental class of X u is —r?k — r [O a ]. 

Remark 4.2. We would like to point out here that there is a natural orbifold 
structure on the varieties O t . This comes from considering it as a toric orbifold 
with the fan star(r) as described in section 3.1 of [Ful : Let L be the submodule of 
N generated by tH N and N(t) = N/L. Then star(r) is the set of cones containing 
r, realized as a fan in N(t). The projection of stacky lattice vectors bj to N(t) 
gives T the desired orbifold structure. This structure induces an inclusion of T 
into X as a suborbifold. 

This orbifold structure is in general different from the orbifold structure of T 
as an analytic variety. For instance when dim(r) = n — 1, the variety O t is a 
smooth sphere whereas the above structure may involve orbifold singularities. On 
the other hand this structure also is different from the orbifold structure of O t as 
a twisted sector. It precisely misses the trivial action of Gb T corresponding to the 
group actions in the normal bundle of T in X . The orbifold structure of T as a 
twisted sector induces a different inclusion of it into X as a suborbifold. 

4.2. Symplectic toric orbifolds. Recall that a symplectic toric manifold is a 
symplectic manifold that admits Hamiltonian action of a half dimensional com- 
pact torus. Delzant polytopes, which are rational simple smooth convex polytopes, 
classify compact symplectic toric manifolds up to equivariant symplectomorphism. 
Here we review the generalization to labeled polytope, a polytope together with a 
positive integer label attached to each of its facets, by Lerman and Tolman |LT| . 
Labeled polytopes classify compact symplectic toric orbifolds. We recall briefly the 
explicit construction of symplectic toric orbifold from a labeled polytope following 
|LT) (see Audin |Au] for example in the smooth case). 

Definition 4.3. A convex polytope P in Mr is called simple if there are exactly n 
facets meeting at every vertex. A convex polytope P is called rational if a normal 
vector to each facet P can be given by a lattice vector. A simple polytope P is 
called smooth if for each vertex, the n normal vectors to the facets meeting at the 
given vertex form a Z-basis of N. 

Let P be a simple rational convex polytope in K." with m facets, with a positive 
integer assigned to each facet of P. 

Definition 4.4. We denote by Vj the inward normal vector to j-th facet of P, 
which is primitive and integral, for j — 1, • • • m. Let Cj be a positive integer label 
to the j-th facet of P for each j. Set bj = CjVj. 
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The polytope P may be described as follows by choosing suitable Xj G R: 

m 

P=f){xeM R \(x,b j )>\ j }. (4.9) 



If we denote (as in (1.3)) 

£j(u) = (u,bj) - Xj, 
then the polytope P may be defined as 

P = {ue M H I £j{u) > 0,j = 1,.- - ,m}. 

From a polytope P, there is a standard procedure to get a simplicial fan £(P). 
Then the stacky fan (E(P), b) defines a toric orbifold in the sense of complex orb- 
ifolds as explained in the last subsection. In this paper we are only concerned with 
toric orbifolds derived from labeled polytopes. 

We recall a theorem by Lerman and Tolman. 

Theorem 4.4. [LTj Let (M, to) be a compact symplectic toric orbifold, with moment 
map [It ■ M — ¥ (W 1 )* . Then P — /iy(M) is a rational simple convex polytope. For 
each facet Fj of P , there exists a positive integer Cj , the label of Fj , such that the 
structure group of every p 6 fj,^, (int(Fj)) is TLjcjTL. 

Two compact symplectic toric orbifolds are equivariantly symplectomorphic if and 
only if their associated labeled polytopes are isomorphic. Moreover, every labeled 
polytope P arises from some compact symplectic toric orbifold (Mp,ojp). 

Before we recall the explicit construction of symplectic toric orbifolds, we remark 
that the isotropy group of each point p G Mp can be easily seen from the polytope 
(Lemma 6.6 of [LTj ) : First, the points p with ht(p) G int(P) have trivial isotropy 
group. If ht(p) lies in the interior of a facet F, which has a label cp, the isotropy 
group is Z/cf Z. For the points p with [lt{p) lying in the interior of a face F ', which 
is the intersection of facets, say F\, ■ ■ ■ Fj, the isotropy group at p is isomorphic to 
A p /A' p : Here, consider the subtorus H p C T" whose Lie algebra h p is generated 
by Vi <E> 1 G iVjt for i = 1, • • • , j. Let A p be the lattice of the circle subgroups of 
Hp. Let A' p be the sublattice generated by {ciVi}. We remark that even when 
c\ = ■ ■ ■ = Cm = 1, there can be orbifold singularities as {vi, • ■ ■ , Vj} may not a 
form Z-basis of N. 

Note that the face F corresponds to a j-dimensional cone a in the fan S(P) with 
stacky vectors {c^i :» = !,••• , j}. Then the group A' is same as the group N^^ 



(see Definition 4.1), and A p is same as N^^ ®^ Q. Therefore the isotropy group 
A. p /A' p is identical to G& CT . 

We briefly recall the construction of the symplectic toric orbifold (Mp,usp) from 
the labeled simple rational polytope P. 



Recall from 4.1 that for the standard basis (ei, . . . ,e m ) of W 1 , the map n is 
defined by 

7T : R m -> R" by %(ej) = CjVj, j = l,...,m (4.10) 
producing the following exact sequences: 

0^t4 E m ^R"^0 and its dual -> (K n )* 4 (R m )* ^ f -> . 
Note that t is the Lie algebra of K defined in|4.2| 
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Consider C" with its standard symplectic form 

w = - ^dzk A dz k . 
The standard action of T m on C m is Hamiltonian whose moment map is given by 

Hc™{zi, ■ ■ ■ ,z m ) = 7,(\ z i\ 2 , ■■■ , \z m \ 2 )- 
Hence K acts on C m with the moment map 

fJ>K = L* o /j,£m :C m ^r. 
For the constant vector A = (A l5 ■ ■ ■ , A m ) defining the polytope (4.9|, define ir^ : 



(IT)* ->■ (K m )* by tt*(C) = tt*C - A. Then, 

irt(P) = {£ € (R m )*l£ € Im{-K* x ) and & > for all i} (4.11) 
= {£ € (M m )*|e G (i*) _1 (t*)(-A) and& > for alH} (4.12) 

Then, take X = fij/ (i* (— \)) / K to be the symplectic quotient, which is the desired 
(Kahler) toric orbifold. Since the action of T m commutes with K, there exists an 
induced T m action on X and the T m action descends to T m /K action on X, and 
providing the moment map \jlt — i^t) MC m on X. 

5. Desingularized Maslov index formula for toric orbifolds 

We first recall the Maslov index formula of holomorphic discs in toric manifolds 
in terms of intersection numbers. 

Theorem 5.1 f [Cl| |COj ). For a symplectic toric manifold Xwp), let L be a La- 
grangian T n orbit. Then the Maslov index of any holomorphic disc with boundary 
lying on L is twice the sum of intersection multiplicities of the image of the disc 
with the divisors Dj corresponding to Vj € Z^ 1 ', over all j = 1, • • • , to. 

Here the divisor Dj is a complex codimension one submanifold, which can be 
defined using the principal bundle (U(E) A- ^e(p)) a s Dj = 7c({zj = 0}) = {zj — 
0}/Kc- For a toric orbifold X, the divisor Dj can be defined similarly as a suborb- 
ifold of X by Dj ={z 3 = 0}/K c . 

In this section, we find a similar formula for toric orbifolds. Consider an orbi-disc 
T> with interior marked points , ■ ■ ■ ,z£ each of which have orbifold singularities 
Z/to^Z. (Here m, = 1 for smooth marked points.) 

Here is the desingularized Maslov index theorem for toric orbifolds. Note that 
intersections of holomorphic orbi-discs with divisors are discrete and there are only 
finitely many of them because the map is holomorphic. The multiplicity of such an 
intersection is given by the ordinary intersection number in the uniformizing cover 
(or in homogeneous coordinates of [/(£)), divided by the order of local group of 
the orbi-disc at the intersection point. 

Theorem 5.2. For the symplectic toric orbifold X corresponding to (E(P),b), let 
L be a Lagrangian T n orbit and let (T>, (z± , ■ ■ ■ , z£)) be an orbi-disc with 7Ljmi7L 
singularity at zf~ . Consider a holomorphic orbi-disc w : (2?, dT>) (X,L) inter- 
secting the divisor Dj with multiplicity mij/rrii at each marked point zf , and do 
not intersect divisors away from marked points. Then the desingularized Maslov 
index of w is given as 

2^2^2{[m iJ /m l \). 
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Here \r\ denotes the largest integer equal to or less than r. 

Proof. Recall that in |Clj and [COJ , the Maslov index was computed as a sum 
of local contributions near each intersection with divisors. A similar scheme still 
works in this setting. The local contribution at each intersection point has been 
computed in the Lemma |3.4| Hence it remains to show how to modify the general 
scheme in the setting of toric orbifolds. 

Without loss of generality, we discuss what happens in the neighborhood of 
only. The point w(z^) may lie in the intersection of several divisors -D/s. Suppose 
that 

w(z+)e (A.n-nAJ. (5.1) 

We may assume w(z^) do not intersect any other toric divisor. The fact that n 
• • • ODi k ) ^ implies that {v.i 1 , • • • , t>i fc } is not a primitive collection, hence we can 
choose lattice vectors Vi k+1 , ■ ■ ■ ,Vi n so that (v^, ■ ■ ■ ,Vi n ) defines a n-dimensional 
cone a in S. 

We may consider the map w in a uniformizing neighborhood U e {z±) of z^. We 
consider its uniformizing cover D e (zf) —> U e (z^) which is the mi-fold branch cover 
branched at the origin. By the definition of orbifold holomorphic map, we can 
consider its equivariant lift w : D e (z^) — > U' a for the uniformizing chart U' a as in 



the Lemma 4.1 The intersection multiplicity m\j can be defined as the order of 
zero at z^ of the coordinate x? in U' a for 1 < j < k. As w(zf) do not intersect 
divisors corresponding to Vi k+1 , • • • , Vi n , the coordinate functions for w are non- 
vanishing near z^ when j > k + 1. 

We note that this multiplicity can be also seen in the homogeneous coordinates of 



C m . From Lemma 4.1 for the dual basis {u^ , • • • , Ui n } of the linearly independent 
vectors {bi 1 , • • • , the affine coordinate function Xj of U' a is given as 

„ (b\ .Ui . ) (b m ,U ; . ) 



Zn 

= C{z)-z^' Uij) =C{z)- Zij 

where C(z) is a function nonvanishing near w(z^). Hence the order of zero of 2j. 
equals that of xj . 

We write the lift w : D e (z^) — > U' a in affine coordinates as 

( 0l z dl + G(z dl+1 ), • • • , a k z d " + (D(z d x +1 ),a k+1 + O(z), ■■■ ,a n + O(z)), 

where z = corresponds to the point Zy . 

The lift w is equivariant and hence the dominating term 

(aiz d \--- ,a k z dk ,a k +i,- ■ ■ ,a„), (5.2) 

is also equivariant in D e (zy). 

Now we are in the similar situation as in the smooth case |Cl| . |CO] and analo- 
gously we smoothly deform the map w in D e (z^~) in an equivariant way, without 
changing it near the boundary of this disc, so that the deformed map w satisfies 

2 

(5.4) 



We can make the deformation so that the map w on D £ / 2 (^i ) is given by 
/ a 1 z dl a k z dk a k +i a 



M(i)*' 'kim^'k+il' 'K 
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We perform the same kind of deformations for z 2 ,z^ , • •• ,z^ inside the uni- 
formizing neighborhoods D e (z^~), • • • , D e {zt) for sufficiently small e and write the 
resulting map as w' and the corresponding map of orbifolds as w' . Over the punc- 
tured disc 

S = V\(U e (z+)U---U e (z+)), 
the deformed map w' does not intersect with the toric divisors, and it intersects 
with the Lagrangian torus L along the boundaries of the punctured disc. 

Lemma 5.3. The desingularized Maslow indices of w and w' are equal to each 
other: n de {w) = fi de {w'). 

Proof. As the desingularized complex vector bundle of w and w' will be isomorphic 
as a bundle pair, hence has the same desingularized Maslov index. □ 

Hence, it is enough to compute n(w'). Since every intersection with the toric 
divisors occurs inside the balls D e / 2 , w'\s does not meet the toric divisors. So it 
can be considered as a map into the cotangent bundle of L. Therefore we have 

MKIs)=0. (5.5) 

On the other hand, the Maslov index of the map w'\s is given by the sum of the 
Maslov indices along dS after fixing the trivialization. 

Now consider the map w' : T> — > X and the pull-back bundle w'*TX and its 
desingularization (w'*TX) de . We fix a trivialization $ of (w'*TX) de . When re- 
stricted to S, <E> gives a trivialization <J>s of ((w'\s)*TX) de restricted over S, which 
does not contain any orbifold point. In this trivialization, it is easy to see that the 
Maslov index along the boundary dD 2 in OS is the desingularized Maslow index 
fj.(w) = fi(w'). Along the rest of boundaries dU e / 2 (zi) of S, which are oriented 
in the opposite way, the Maslov indices equal the negatives of the local contribu- 
tions of desingularized Maslov indices and hence is —2 Y]\mi,j /mj] for each i by the 



lemma 3.4 This proves the theorem. □ 
6. Orbifold Holomorphic discs in toric orbifolds 

In this section, we classify all holomorphic discs and orbi-discs in toric orbifolds 
with boundary on L(u). We find one-to-one correspondence between non-trivial 
twisted sectors in Box' and orbifold holomorphic discs with a single interior orbifold 
singularity (modulo T n -action). We also find one-to-one correspondence between 
the stacky vectors bj of the fan and smooth holomorphic discs of Maslov index two 
(modulo T"-action). 

These two types of discs will be called basic discs for simplicity: Namely, Maslov 
index two smooth holomorphic discs and holomorphic orbi-discs having one inte- 
rior orbifold singularity and desingularized Maslov index zero. Basic discs will be 
used to define Landau-Ginzburg potentials POq and PO^ rb , and will be used for 
computing Lagrangian Floer cohomology of torus fibers. 

6.1. Classification theorem. We first recall the corresponding theorem for holo- 
morphic discs in toric manifolds. 

Theorem 6.1 (Classification theorem [Cl]. [CO]). LetL C C m \Z(T.) be a fixed orbit 
of the real m-torus (5' 1 ) m . Any holomorphic map w : (D 2 ,dD 2 ) — > (X^ip), L) can 
be lifted to a holomorphic map 

w : (D 2 ,dD 2 ) -> (C m \Z(E),Z) 
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so that each homogeneous coordinates functions w = (u>i,--- ,w rn ) are given by 
Blaschke products with constant factors. 



s—1 J ' 



for a,j G C* and non-negative integers /ij for each j = 1, • • • , m and ctj iS € int(D 2 ). 
In particular, there is no non-constant holomorphic discs of non-positive Maslov 
indices. 

We start by explaining the new basic factors of holomorphic orbi-discs ( in ad- 
dition to the factor *~£ s use d in the smooth cases above). 

Consider a n-dimensional stacky cone (cx, b a ) with b a = {b,^ , • ■ ■ , bi n }. Take an 
element v = Ci6j 1 +- ■ •+c n 6j n G N, where < Cj < 1 for j = 1, • • • , n. Write each Cj 
as rational numbers Pj/qj with relatively prime {pj, qj}. Let mi = g.c.d.(qi, • • • , q n ) 
be the greatest common divisor of denominators, which is the order of v in Gb a ■ 

Let I? be a disc D 2 with orbifold marked point Zj + eD with Z/mi singularity. 
We find an explicit formula for a holomorphic orbi-disc w from T> such that the 
generator of %jm\ maps to v G Gb a = G w r Zl \. We denote by <f) z + : Z/mi — > Gb a 
be an injective group homomorphism sending the generator 1 to v. 

Consider the open set U' a and its coordinate functions xf , • • • ,x°. In this co- 
ordinate, choose a point (cti, • • • ,a n ) in the Lagrangian fiber L. We consider the 
expression 

Mf^Bv-^Mf^r-) (6.i) 

1 — zj z 1 — zjz 

As Cj's are rational numbers, expression such as z Ci for z G D 2 is not well-defined, 



and depends on the choice of a branch cut. But, recall that Gb a acts on U' by (4.5 1, 



and the difference from the choice of a branch cut is given by this action, (see the 



proof of Lemma 4.3). Hence, the expression (6.1) is well-defined in U a — U' a /Gb a . 
It is not hard to check that the image of z — z^ of (6.1 ) has v as a stabilizer. From 



(4.4), one can easily lift (6.1 1 to the homogeneous coordinate of toric orbifolds. This 
will be the new basic factor in the classification of holomorphic (orbi)-discs. This 
is a holomorphic orbi-disc, which is a good map. 

Now, we state the classification theorem of holomorphic (orbi)-discs in toric 
orbifolds. 

Theorem 6.2. Let X be a toric orbifold corresponding to (£(P),6), and L be a 
Lagrangian torus fiber. Let L C C" 1 \ Z(Ti) be a fixed orbit of the real m-torus 
(S 1 ) 171 . A holomorphic map w : {T>,dT>) — > (X,L) with orbifold singularity at 
marked points Z\ , • • • ,Zk can be described as follows. 

(1) For each orbifold marked point z^ , the map w associates to it a twisted 
sector v l — ■ Cijb^ G Box. 

(2) For analytic coordinate z of D 2 — \T>\, w can be written as a map 

w : (D 2 ,dD 2 ) -> ((C m \ Z(E))/Kc, L/(K C n T m )) 

so that each homogeneous coordinates functions (modulo Kc-action) w = 
(wi, • • • , w m ) are given as 



■nf^ncr 

s—1 J ' 1=1 



(6.2) 
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for cij € C* ; non-negative integers dj for each j = 1, • • • , m, ctj tS E int(D 2 ) 
and rational numbers Cu as in (1). 



(3) The desingularized Maslov index of the map w given as in (6.2 1 is X) s =i 



The CW Maslov index of w is J2T=i 2d j + 2 EiU <-( vi ) 



'j ■ 



(4) w is holomorphic in the sense of Definition 2.1 



Remark 6.1. Note the expression is not well-defined as a map to (C m \ Z(E)), 
since are rational numbers. But it is well-defined up to i^c-action. 

Proof. We first claim the above expression ( 672]) defines a holomorphic map in the 



sense of Definition 2.1 The first factor of (6.2) is obviously holomorphic, and we 



may assume that the map w is given by 

" i - z t z 

Note that ( f -+ Y ij is holomorphic in D 2 away from zf in the sense of Definition 
Thus, it suffices to consider the map ( * -j+ z ) C ' J near zf . 

;et r be the order of Y) . Cijb^ which is the least common multiple of denom- 



2.1 



inators of rational numbers Cn, ■ ■ ■ , c !m . By the automorphism 4> z + : D 2 — > D 2 . 
4> z + — - _l , and its inverse 4>_ z +, we may only consider the case that = 0. 

Then consider the branch covering map at zf , br : B e (0) — > _B e r(0), which is defined 
by br(z) = (z) r . Here, we write the coordinate on the cover by z with the relation 
z — z r . Thus, it is easy to see that the map z Cij = z TCij is holomorphic. Thus the 



lift, as a map of z is holomorphic, as required by Definition 2.1 

Now, we prove the classification results. The idea of the proof is similar to that 
of |Clj and [CO] , Namely, given a holomorphic smooth or orbidisc, we consider 
intersection with toric divisors, and by dividing by the basic factors, we remove the 
intersection with toric divisors to obtain a map which does not intersect any toric 
divisors. Then, it is easy to see that the resulting smooth disc whose image lies in 
one of the uniformizing charts (C™, (<S' 1 ) n ) of the toric orbifold and has vanishing 
Maslov index. By classical classification of smooth holomorphic discs, it is in fact 
a constant map. 

Let w : (T>, &V) — > (X . L) be a holomorphic good orbidisc. Choose an interior 
orbifold marked point zf with Z/m; singularity. Denote by <p z + the injective group 

homomorphism Z/rn^ — > G w , z +\ associated to the good map w at zf . Take a toric 

open set U a containing w{zf), and denote the stacky vectors generating a (over Q) 
by bi ± , ■ ■ ■ , bi n . Then, the image of generator under 4> z + can be written as 

4> z +iX) =■ v i =c ix b il + h c ln b ln e N 

with < Cj . < 1 for j — 1, • • • ,n. Write each Cj as rational numbers Pi j /gi j 
with relatively prime {pij,^}, and observe that since <f> z + is injective, we have 

rrii = l.c.m^q^, ■ ■ ■ , 9i„), which is the order of v % in Gb a - For simplicity, we assume 
that z~l = € D 2 . Consider the branch cover br : B e (0) — > B e r(0) defined by 
br(z) — z' mi . The map w restricted on £? e mi(0), has a lift (by definition) w : 
B e (0) — > U^, which is holomorphic on z. Note that the image of z+ = 0, 55(0) has 
v l in its stabilizer. Hence, in terms of the coordinates {x\ , • • • , x°) on U' a , the j-th 
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coordinate of w(0) vanishes if Cj ^ 0. We denote the vanishing order (multiplicity) 
of w(0) at j-th coordinate by di-. (Here di. = if it does not vanish). 
We set 

d ij = d\. m l + ri } , where < r tj < nii . 
By equivariance of w, we have 

— = Ci r 

Thus w can be written near in these coordinates as 
with w'j(Q) 7^ 0. Or, in the coordinate z = z mi , we have 

(A+^s^^A+^O 

For the general zf (when zf 7^ 0), similarly we have 

zj z 1 — zjz 



((^B^+^i,--- A^^f^K)- (6-4) 



We multiply the reciprocals ( — z ^ + z ) d 'j +c '3 to the above to remove the intersec- 
tion with toric divisors at zf. Such a multiplication can be done via toric action. 
Namely, from the |4.3[ we have a C*-action, corresponding to the lattice vector 
— Tlj^'ij + c ij)kj € N on X . More precisely, this action corresponds to the multi- 
plication in (homogeneous) coordinates of C™ by the following expression 

(1, • • • , (I^^)<+cn , 1, . . . , ,!,...,!). 

z-zj z- zf 

We denote the resulting holomorphic orbi-disc by w\ : (V , dV) —> (X, L) which 
is obtained after such multiplication where T>' is an orbifold disc obtained from T> 
by removing the orbifold marked point zf . 

It is easy to see that the map w\ still satisfies the Lagrangian boundary condition, 
and more importantly the intersection with toric divisor at zf has been removed. 

The case that w intersecting toric divisor at smooth point (which is not a marked 
point) can be done as in |CO| and the analogous modified map has less intersection 
with toric divisors. By repeating this process, we may assume that we obtain a 
map Wd which does not meet any toric divisor. This map is now smooth, and have 
Maslov index from the Maslov index formula of the Theorem |5.2| It is easy to see 
that the map Wd is indeed a constant map. Thus the formula of the original map w 
can be written as in the statement of the theorem by tracing backwards. 



The index formula (part (3)) follows from Theorem 5.2 However, a more in- 
tuitive way to think about it is as follows: Note that [lew is homotopy invariant 
and so is [i de as long as we do not change the twisted sector data x. Especially, 
when the disc splits into several discs, the sum of new remains the same. Hence, 



given an expression (6.2), we consider the degeneration of the holomorphic disc by 



sending each Oj jS to the boundary 3D . In this case, disc bubble appear, and the 



component 1 _ g J,s z disappears from (6.2). Note that if |a| = 1, then *_£ z = — 1. 



The bubble is the standard Maslov index two disc, hence has Hew = 2. Similarly, 
we can bubble off each orbifold marked point to obtain an orbifold disc bubble, and 
for each zf , corresponding Chern Weil Maslov index is [lew — 2i(z^). By adding 
them up, wc obtain (3). □ 
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6.2. Classification of basic discs. In this subsection, we discuss the classification 
of basic discs. 

Now, we find holomorphic orbi-discs of desingularized Maslov index with one 
interior orbifold marked point and show that they are in one-to-one correspondence 
with twisted sectors. 

Corollary 6.3. The holomorphic orbi-discs with one interior singularity and desin- 
gularized Maslov index (modulo T" -action and automorphisms of the source disc) 
correspond to the twisted sectors v € Box' of the toric orbifold. 

Proof. Let w be a holomorphic orbi-discs with one orbifold marked point z^ € T> 
with fi de — 0. Let v — ^ . Cjbj be the element of Box associated to the pair (w, zf) 



as in part (1) of Theorem 6.2 Injectivity of the homomorphism z + implies that 
v £ Box'. 

By the the classification theorem, w can be written as 

(aiz Cl , a2Z C2 , • • • ,a m z Cm ). 

And this representation is unique up to T"-action if we impose the condition that 
aj = 1 whenever c, = 0. Conversely, given an element of Box', we can easily 
construct such a orbi-disc as above. 

□ 

We give another way to understand the above correspondence between basic 
orbi-discs and elements of Box' . Such a holomorphic orbi-disc w : T> X (with 
orbifold marked point at G T>) with desingularized Maslov index has an image in 
a open set U a for some n-dimensional cone a. For its uniformizing chart U' a = C™, 
w has an equivariant lift to the uniformizing charts, w : D 2 — > C", which may be 
written as 

w(z) = Ki* , • • • , a' n z d " ) = (a[^ , • • • , a' n z c " m » ) (6.5) 

where each di is a nonnegative integer. Here D 2 is the uniformizing chart of T> 
which is a branch cover of degree m v , the order of v. 



From the explicit expression of w in (6.5), note that the image of such a holo- 
morphic orbi-disc is invariant under S 1 action. More precisely, if one defines C* 
action by 

t •(*!,■■• ,z n ) = {t dl z u --- ,t dn z n ),ioxteC*, (6.6) 



the image of (6.5 ), equals to the the image of C^-action to the point (a' 1; • • • , a' n ) £ 
L, where d ci = {z € C*||z| < 1}. This exactly corresponds to the Lemma |4.3 



about C*-actions on toric orbifolds, which extend to morphisms C — > X . 

Summarizing the above discussion, we have seen that the image of basic orbi- 
discs corresponds to the image of C< -paction, which extends to morphisms C — > X . 
Such C*-actions are restricted to those corresponding to elements of Box' . 

Now, we consider holomorphic discs of Maslov index two without orbifold marked 
points. We first note that the images of maps from smooth discs can intersect fixed 
loci of the orbifold. The definition of orbifold map requires that the map from 
smooth discs locally lifts to maps to uniformizing charts, hence can intersect the 
fixed loci. 

We also illustrate another important point by the following example: consider 
an orbifold map w from orbi-disc T> with Z/mZ singularity in the origin to T>' 
with Z/mnZ singularity in the origin, whose lift between uniformizing covers are 
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given by w(z) = z . Then, if m\k, then w may be considered as a smooth disc 
w' : D 2 — >• V with the lifted map w' : D 2 — >• Z3 2 is given by w'(z) = z k l m . 

Hence, given an orbifold holomorphic map / : T> — > X, and a local lift /, the 
related group homomorphism sometimes cannot be injective, if / has high multi- 
plicities. In such a case, the orbifold structure of V has to be (and can be) replaced 
by a less singular or sometimes smooth ones. The correspondence below is best 
understood in this sense. 

Corollary 6.4. The (smooth) Maslov index two holomorphic discs( modulo T n - 
action) are in one-to-one correspondence with the stacky vectors {foi, ■ ■ ■ ,b m }. 

Proof. This follows directly from the classification theorem. Namely, let w : D 2 — > 
A" be a smooth holomorphic disc of Maslov index two. From the classification theo- 
rem, up to automorphism of D 2 , such a holomorphic disc is given by (ai , • • • , z, • • • , a, 



In the form of expression (6.5|, this corresponds to the case that Cj = 



1, m u = 1 and all the other a = for i ^ j. Hence this implies the corollary. □ 



7. Areas of holomorphic orbi-discs 

In this section, we compute the area of holomorphic orbi-discs. The method to 
compute them is somewhat different from that of |COj and is more elementary. 

We first illustrate how the moment map measures the area of standard orbifold 
disc. Let D :— D 2 £ C be the standard disc with the standard symplectic structure. 
Let T> be the orbifold disc obtained as the quotient orbifold [D 2 /(Z„)] where the 
generator 1 € Z n acts on D 2 by multiplication of a primitive n-th root of unity. 
Now, both D and T> has the following S^-action. Let t £ S 1 and z £ T>. Let w £ D 2 
be the coordinate on the uniformizing cover of T>. Then the actions are 

t ■ z — tz, t ■ w = i 1 /™u;. 

Note that the S 1 action is not well-defined on the uniformizing cover D 2 , but well- 
defined on the quotient orbifold T>. If we compute the moment maps for D and 
T>, the length of moment map image of D is n-times of the length of moment map 
image of V. This is because the vector fields generated by 5' 1 -actions have such a 
relation. Also, we point out that the symplectic area of D is also n-times of the 
symplectic area of V. In general, the area of a holomorphic orbi-disc w with one 
interior singular point can be obtained by taking the symplectic area of the lift 
w : D 2 —> U' a and dividing it by the order of orbifold singularity of T>. 

Recall that symplectic areas are topological invariants. Hence, it is enough 
to find symplectic areas of generators of H2(X,L). From the Lemma 9.1 it is 
enough to find symplectic areas of the basic discs. We denote the homology class 
of a disc corresponding to bi (resp. v £ Box') by fa (resp. /3„). Note that for 
v £ Box', if we have v = c\b^ + . . . + c n bi n , then the symplectic area for f} v is 
given as the same linear combination of the symplectic areas of ^ . 's. Thus, it 
suffices to find symplectic areas of fii. 's, which are those of smooth holomorphic 
discs corresponding to stacky vectors. 

Recall that symplectic form on the toric orbifold is obtained from the standard 
symplectic form of C m via symplectic reduction. The strategy is to find a lift of the 
holomorphic map to U(E) C C m and compute the area there using the standard 
symplectic form. 
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As in the classification theoreom, the smooth holomorphic discs which are basic 
can be obtained easily obtained as follows. For simplicity, we state it for ft. Let 
w\ : D 2 — > C m be a map given by 

wi(z) = (aiz, a 2 , ■ ■ ■ ,a m ), 



where (oi, ■ • • , a m ) £ L as in the theorem 6.2 Then if we compose it with the 
projection it : J7(E) — > X, we have w\ = ttow 1 ; (D 2 , 3D 2 ) — > (X, L), which defines 
a smooth holomorphic disc of homology class ft . 

Consider u = (u\, ■ ■ ■ , u n ) € (R n )*. If L is defined by fj,^, (u), then, considering 
the map ir* x : (K n )* -> (W n )* defined by ttJ(£) = tt*£ - A, the image of L under the 
map fic m ■ C m — > (R m )* corresponds to the point 7r£(u). In fact, n^(u) is given by 

((u,bi) - Ai, • • • , (u,6 m ) - A m ) = (^i(u), • • • ,^ m (u)). 

But recall that for the standard moment map j-th coordinate of /J,c m is given 
by \zj\ 2 /2. Hence, with the standard symplectic form, the symplectic area of the 
lift of Wj in C m is just nr 2 which is 2Tr(£j(u)). Hence the area of Wj is given by 
2n£j(u). 

In fact, due to the difference of complex and symplectic construction of toric 
orbifolds, we also need the following argument in the above computation. Note that 
the holomorphic disc w does not exactly lie on the level set /i^ 1 (l* (— X)) for the 
symplectic quotient. In fact, when we say holomorphic disc w in symplectic orbifold, 
we mean the following deformed disc which lies in the level set A)): From 

a general argument due to Kirwan |Ki| . one can consider negative gradient flow 
of the function \\/j, K - i*(-A)|| 2 inside U(E) = C rn \ Z(E). Negative gradient 
flow will reach critical points, and in this case the only critical points are the set 
A)). As the torus L already lies in the level set, hence points on L do not 
move under the homotopy. Thus given a holomorphic disc in w, it can be flowed 
into A)) with boundary image fixed, which gives the precise holomorphic 

disc in the symplectic quotient. Then, simple argument using Stoke's theorem tells 
us that the symplectic area of the corresponding disc obtained by flowing to the 
level set A)) is the same as that of w. This proves the desired result. 

By adding up homology classes, we obtain 

Lemma 7.1. For a smooth holomorphic disc of homotopy class ft, its symplectic 
area is given by 2ir£j . 

For a lattice vector v — Cib^ + . . . + c n bi n , define 

n 

i=i 

Then, the area of the holomorphic orbi-disc corresponding v is given by 2nl v {u). 



8. FREDHOLM REGULARITY 

In this section, we justify the use of the standard complex structure in the 
computation of the Floer cohomology in this paper. 

8.1. The case of smooth holomorphic discs in toric orbifolds. First author 
with Yong-Geun Oh have shown the following Fredholm regularity results for toric 
manifolds: 
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Theorem 8.1. |C1] |COj Non-singular holomorphic discs of a toric manifold M 
with boundary on L are Fredholm regular, i.e. linearization of d operator at each 
map is surjective. 

This implies that the moduli space of holomorphic discs (before compatification) 
are smooth manifolds of expected dimensions. Since the standard complex structure 
is integrable, linearized operator D w for a holomorphic disc w is complex linear and 
exactly the Dolbeault derivative d. 

We briefly recall the main arguments of the proof regularity in |COj . The exact 



sequence (4.1) induces the exact sequence of complex vector spaces 

-> C f -> C" 4 C n -> (8.1) 

via tensoring with C where C is the m — n dimensional subspace of C m spanned 
by i C M. m . Note that this exact sequence is equivariant under the natural actions 
by the associated complex tori. 

Given a holomorphic disc w : (D 2 ,dD 2 ) —> (M,L) and denote 

E = w*TM, F = (dw)*TL. 

By considering sheaf of local holomorphic sections of the bundle pair (E, F) , one 
can consider the sheaf cohomology group H q (D 2 ,dD 2 ;E,F), and note that the 
surjectivity of the linearization of the disc w is equivalent to the vanishing result 

H 1 (D 2 ,dD 2 ;E,F) = {0}. (8.2) 

Denote by w : (D 2 ,dD 2 ) — > (C m , L) be the lifting of w, whose boundary lies on 

L = (S 1 ) m -(c 1 ,--- ,c m )Cn- 1 (L)cC m . 

We denote by 

(E,F) = (w*TM,(dw)*TL) 
(E, F) = {D 2 x C m ,(dw)*(TL))) 
(E h F t ) = ((w)*(TOrb ct ),(dti)*(TOrb t )) 

and by 

(£,F), (£,F), (£ Cl F t ) 
the corresponding sheaves of local holomorphic sections 

Lemma 8.2 ( CO Lemma 6.3). The natural complex of sheaves 

0^ F t ) -> {£, F) (£,F) (8.3) 

is exact. 

In |COj . Lemma 6.4, the vanishing i? 1 (f,J r ) = is proved by checking the 
Fredholm regularity of the trivial bundle pair. And the above exact sequence then 
proves the desired Fredholm regularity for holomorphic discs for the case of toric 
manifolds. 

Now, consider the case of smooth holomorphic discs in toric orbifolds. Note that 
the exact sequence ( |8.1[ ) remains true in the case of toric orbifolds. For smooth 
discs in orbifolds, the pull-back bundle is smooth vector bundle and also we have 
shown in section [6] that smooth holomorphic discs admit holomorphic liftings to C m . 
Thus, exactly the same argument as in the case of manifolds proves the following: 
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Proposition 8.3. Smooth (non- singular) holomorphic discs of a toric orbifold with 
boundary on L are Fredholm regular. 

8.2. The case of orbidiscs. We only discuss the case of holomorphic orbidiscs 
with one interior orbifold marked point. We conjecture that all the holomorphic 
orbidiscs obtained in the classification theorem are indeed Fredholm regular, but 
we do not know how to prove it in this generality. 

Suppose T> is an orbifold disk D 2 with the Z m orbifold singularity at the origin, 
with boundary dT>. From a good orbifold map w : (T>, dT>) — > (X, L) to a toric 
orbifold, E = w*TX defines an orbifold holomorphic vector bundle with F — 
(dw)*TL Lagrangian subbundle at the boundary. Namely, if we let 7r : D 2 — > 
T> be its uniformizing chart, then the vector bundle E may be understood as a 
holomorphic vector bundle E — > D 2 with effective Z m action on E, which acts 
linearly on fibers. In addition, F\g D 2 c E\g D 2 have induced Z m action from E. 

Denote by £ the sheaf of local holomorphic sections of E over D 2 and denote 
by (£,J-) the sheaf of local holomorphic sections of E over D 2 with values in F 
on dD 2 . Denote by £ mv (resp. (£, F) vnv ) the sheaf of local holomorphic sections 
of E over T> (resp. (E,F) over (T> : dT>) ), which, by definition is the sheaf of 
local holomorphic invariant sections of E — > D 2 (resp. (E,F) — > (D 2 , 3D 2 )) under 
Z m -action. 

Lemma 8.4. Suppose £ has a fine resolution 

0^£^Ha^Hi^0, 

where Hi (i — 0,1) are given an effective Z m action so that all arrows are equivari- 
ant maps. 

Then, £ mv also admits a fine resolution 

->■ £ inv ->■ H l nv A H\ nv ->■ 0. 

Analogous statements for (£,F) also hold true. 

Proof. This is standard fact, since taking invariants is an exact functor up to tor- 
sion. But we give a proof of it for readers convenience for the case of £ . First 
we recall that any open cover of an orbifold consisting of uniformized open subsets 
admits a partition of unity on X subordinate to it ( |CR| Lemma 4.2.1). Hence, if 
Hi is a fine sheaf, then r H™" v is also a fine sheaf. The resulting complex is exact: 
the injectivity of the first arrow is obvious. To prove the surjectivity of the last 
arrow, first take a preimage in Hq, and its average over Z m action still maps to the 
same element due to equivariance of the map. The exactness in the middle can be 
proved similarly. □ 

Now, sheaf cohomology of £ mv over D, or (£ 1 F) mv over (T>,dT>) can be in- 
troduced by taking a global section functor as before. Then the above lemma on 
taking invariants functor, implies the following lemma: 

Lemma 8.5. We have 

H°(V,£ inv ) = H Q (D 2 ,£) mv ,H 1 {V 7 £ mv )=H 1 (D 2 ,£) mv . 

H°(V, &D- {£, F) inv ) = H a (D 2 , dD 2 ; £, F) mv , 

ff 1 (P,<9£>;(£,.F) im ') = H 1 (D 2 ,dD 2 -£,F) mv . 
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In particular, if H 1 (D 2 ,£) = then, H 1 ^^™) = also. 

Now, this enables us to prove the basic orbifold discs with only one singular point 
in the interior, by using the results of the first author and Oh on the Fredholm 
regularity of holomorphic discs. Namely, given an orbifold holomorphic disc w : 
{V,&D) ->■ (X,L), by definition, we have a lift w : (D 2 ,dD 2 ) ->■ {X,L), which 
defines a smooth holomorphic disc to a toric orbifold. From the Fredholm regularity 
of smooth holomorphic discs in the previous section, we thus have the vanishing of 
H 1 (D 2 1 dD 2 :£ 1 T), which implies H 1 {V,&D; (£, F) inv ) = 0. This proves: 

Proposition 8.6. Basic holomorphic (orbi)-discs are Fredholm regular. 

9. Moduli spaces of basic holomorphic discs in toric orbifolds 

In this section, we find properties of moduli spaces of basic holomorphic (orbi)- 
discs. 

9.1. Homology class H 2 (X, L;Z). For toric manifold M and a Lagrangian torus 
fiber L, recall that we have the exact sequence 

->■ Ker(ir) -> Z m 4 Z™ -> 0, 

where tt sends the standard generator to Vi. This exact sequence is isomorphic 
to the homotopy (or homology) exact sequence ( |FOOQ2] ) 

tt 2 (M) n 2 (M,L) m(L) -> (9.1) 
-> H 2 (M;Z) -> H 2 (M,L;Z) -> ffi(L;Z) -> (9.2) 

For a toric orbifold X, the situation is more complicated. For example, the 
natural map 7r : Z™ 1 — > Z™ sending ej to bi is not surjective in general but only 7r<g)Q : 
Q m —> Q n is surjective, and also tt 2 (X, L) has additional classes corresponding to 
orbifold discs. 

First, we consider the case of a stacky n-dimensional cone. Let [a, b a ) an n- 
dimensional stacky cone with stacky vectors b a = (b^ , • • • , 6j n ) which lies on one- 
dimensional cones of a. Denote by Nb a the sublattice of N generated by stacky 
vectors b„. Denote N/N^ by as before. Denote by L a non-singular torus 
fiber. 

We compute H 2 (X rT ^ cr , L;l,) for X a j, a , the underlying quotient space. Here, L 
may be replaced by (C*)", which is the non-fixed loci of X a b„- Since a is a cone, 
it is easy to observe that 

TlP^fcJ = 7T 2 (X CT ,0 = 0, TTxpT^, (C*)") = 0. 

Thus in this case, 

= H 2 (X^ b J = 0, ^(X^^C*)™) = 0. 
From the homotopy exact sequence and Hurewicz theorem, we have 

ir 2 (X a ^, (CT) = 7ri((C*) n ) = Z" S H 2 {X atba , (C*)";Z) = ffi(i;Z). 

In fact, we can find generators of the above explicitly. Elements of Z™ above 
correspond to points of the lattice N. Finding generators of Z" corresponds to 
finding that of the lattice N. 

In the previous sections, we have found holomorphic discs corresponding to the 
stacky vectors b a = (b il , ■ ■ ■ ,b in ). We denote the homology class of a disc cor- 
responding to bi by Pi. Also, we have found holomorphic orbidiscs corresponding 
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to elements of Box' , and we denote the homology class of a disc corresponding to 
v e Box' by /3„. 

The lattice N is generated by stacky vectors in b a together with Box\, a . Thus 
Hi(X (J h a , L : Z) is generated by /Vs and /3„'s. These correspond to the basic discs 
explained earlier. 

In the general case of toric orbifolds, by applying the Mayer- Vietoris sequence 
of a pair, we obtain the following result. 

Lemma 9.1. For toric a orbifold X, and a Lagrangian torus fiber L. H2(X, L;7<) 
is generated by the homology classes of basic discs, j3i for i = , m together 

with j3 v for v £ Box' . 

We have the following short exact sequence 

-> 7r 2 pT E , b ) -> 7r 2 (X s , 6) i) -> tti(L) -> 0, 

and from the fact that the map i?2(-k) — > H2(X) is trivial, the five lemma gives 

i 2 (Ii) = ff 2 (I,L;Z). 

Thus, 7r2(Xs,b) £) is generated by homotopy classes of smooth and orbifold holomor- 
phic discs (or that of basic discs) and elements of ^(^E.b) correspond to homotopy 
classes of orbi-spheres in toric orbifolds. 

The following lemma (based on ideas in page 48 of |Fulj ) shows that for an n- 
dimensional stacky cone, we can choose exactly n holomorphic (orbi)discs which 
generate H 2 {X afia ,L;Z). 

Lemma 9.2. Let a be any n- dimensional simplicial rational polyhedral cone in M™. 
Then we can find an integral basis of the lattice N — Z n , all of whose vectors lie in 

IT. 

Proof. Let a be an n-dimensional simplicial cone with primitive integral generators 
vi,. . . ,v n of its one dimensional faces. Let N c be the submodule of N generated 
by Vx, . . . ,v n . Let G a = N/N a . Since a is simplicial, N„ has rank n and G a is 
finite. Let mult(cr) = o{G a ). 

Let B — [v i . . .v n ] be the matrix with the v^s as columns. Consider B as a 
linear operator B : N a — > N and G a as the cokernel of B. Then from the Smith 
normal form of B and the corresponding decomposition of the finite abelian group 
G (j into a direct product of cyclic groups, we conclude that mult(cr) = | det(£?)|. 

If mult (cr) = 1 then we are done as Vi,...,v n form a basis of iV in this case. 
Assume mult(er) > 1. Then there exists an integral vector v € N which does not 
belong to N a . Therefore v = J27=i where not every ti is an integer. By adding 
suitable integral multiples of the ViS to v, we may assume that each £ [0, 1) 
and not every ti is zero. Without loss of generality suppose that 1, . . . , k are the 
values of i for which i; ^ 0. Then v belongs to the relative interior of the face of a 
generated by Vi, . . . , Suppose that v/d is a primitive integral vector, where d is 
a positive integer. 

We subdivide the cone a into n-dimensional cones er i; 1 < i < k. Here <7j is 
generated by {v±, ,v n ,v/d}. It is easy to check using determinants that 
mult(fTi) = %mult(cr). Therefore mult(cr^) < mult(cr). Note that the generators of 
one dimensional faces of Ui belong to a n N. 

Iterating the above process (if necessary) we obtain an n-dimensional cone r 
having multiplicity one whose one dimensional generators belong to a D N. These 
generators give the required basis of N. □ 
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Here it is important that the basis lattice vectors lie in the cone a, since then 
they correspond to holomorphic (orbi)-discs in X a ^ . 

9.2. Moduli spaces of smooth holomorphic discs. In this subsection, we dis- 
cuss the moduli spaces of holomorphic discs without interior orbifold marked points. 

Recall from the corollary |6.4| that we have a one-to-one correspondence between 
stacky vectors {&!,••• ,b m } and smooth holomorphic discs of Maslov index two 
(modulo torus T"-action). 

We denote by /3j € H%(X, L(u); Z) (i = 1, • • • ,m), the homology class of discs 
corresponding to bi. Note that we have = 2, and the intersection number 

of j3i with j-th toric divisor is 1 if i = j and otherwise. (Here the intersection 
number is measured in the uniformizing chart or C" 1 ). 

For each (3 € H 2 (X, L;Z), consider the moduli space A4™^l n (L(u), f3) of stable 
maps from bordered genus zero Riemann surfaces with k + 1 boundary marked 
points of homotopy class (3. We denote by M™?™g re9 (L(u) , f3), its subset whose 
domain is a single disc. For the orientation of the moduli spaces, we use the spin 
structure of L(u) which is induced from the torus T n -action, it is the same as the 
case of toric manifolds (see |Clj . [COj and [FOOO for more details). 

In the following proposition, we do not consider interior marked points, hence 
only holomorphic discs without orbifold marked points are allowed, and its Maslov 
index \i can be defined as usual. We also emphasize that the moduli spaces discussed 
here are not perturbed. 

Proposition 9.3. Let (3 be a homology class in H2(X, L(u), Z). 

(1) The moduli space A^^^' refl (L(u) , /?) is Fredholm regular for any (3 . More- 
over, evaluation map 

™o : M^lJ es (L(u),(3) -> L(u) (9.3) 

is submersion. 

(2) For /3 with n(/3) < 0, or /j,(j3) = 0,/3 ^ 0, M™™^ 9 {L{u) , /3) is empty. 

(3) M™+l n Q re9 {L(u),f3) is empty if n(f3) = 2, and f} ^ f) u - ■ ■ ,/3 m 

(4) If M™+"fi{L{u) , (3) is non-empty, then there are k. t G Z> andaj £ H 2 (X;Z) 
such that 

i j 

and ctj is a homology class of a holomorphic sphere. If j3 ^ 0, at least one 
ki is non-zero. 

(5) For each i = 1, • • • , m, we have 

M\J n > re9 {L{u),fr) = MT.r( L (u),^)- (9.5) 

Hence, the moduli space .M™Q m (L(it), f3i) is Fredholm regular and the eval- 
uation map evo becomes diffeomorphism preserving orientation. 

Proof. The proof follows from the classification theorem in section [6j similarly as 
theorem 11.1 of [F0002 follows from the classification theorem of [COJ . For (1), 
Fredholm regularity for holomorphic discs was proved in the proposition |8.3| Evalu- 
ation map evQ becomes a submersion since T n acts on L(u) and moduli spaces such 
that evo becomes T™-equivariant map. Since L(u) is a T"-orbit, it is a submersion. 
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For (2), if Mi l Q m ' reg (L(u), (3) is non-empty, then since ev is a submersion, we 
have 

dimM\ n o m ' re9 (L(u), /?) = n + //(/3) - 2 > n. 

for (5 ^ 0. This implies that fj,(/3) > 2. 

(3) is a direct consequence of the classification theorem. 

For (4), consider a map [h] £ J\A™+l n (L(u) , (3) . If the domain of h is a single disc, 
then the statement follows from the classification theorem in which case ctj = 0. 
In general, the domain of h is decomposed into irreducible components, which are 
discs or sphere components. As holomorphic discs are already classified, the claim 
follows. 

For (5), the first statement can be proved as in |FOOQ2| . Let [h] £ M^ in {L{u), (i lQ ). 
By (4), we can write 

i j i 

We need to show that there exists no sphere bubble aj and ki = if i ^ io and 
ki a = 1. Since the symplectic area ttj flw > 0, it follows that 

ft n oj > V kifc n oj. 



It suffices to show that 



n uj < V" kiPi n cj, 



and that equality holds only if ki — if i ^ io and ki = 1. 
From (1.3) and from the second equation of (9.6), we have 



1=1 



for some constant c. This is because 9(/?i — J2i kiPi) — 0, and hence its symplectic 
area 27rc is independent of u. 

By evaluating at u £ d io P, we have c < 0, since £ t > on P. But since 
£i(u) — fii n uj, this implies the desired inequality. Let us assume that equality 
t- la = J^i holds. If there exists i ^ j with ki, kj > 0, then since v! £ P satisfies 
v! £ djP if tj{u') — 0, the above equality implies that di P C diP D djP, which is 
a contradiction since Pi a is codimension one. 

The second statement of (5) follows from the torus action, and the orientation 
analysis of [Clj as in the case of smooth toric manifolds. But there is a little 
subtlety, which is different from the manifold case, which we now explain. 

Given a smooth holomorphic disc w : (D 2 ,dD 2 ) — > (X,L), with marked point 
zq £ dD 2 , the equivalence relation (Definition 2.6 1 implies that if an automorphism 
of the disc p : D 2 — > D 2 satisfies w o p = w, then the holomorphic disc ((D 2 ,zo), w) 
is identified with ((D 2 , p(z )) , w) . 

We illustrate this phenomenon by an example, which explains what happens 
for a basic smooth disc. Consider a map w : (D 2 ,dD 2 ) — > C m /G given by z H > 
(z, 1, • • ■ , 1), where G is a finite group G — Z/fcZ acting by rotation on the first 
coordinate of C m (so that the image of w is invariant under G-action). Denote by 
p the multiplication of fc-th root of unity on D 2 . Then, clearly, wop — w as w is a 
map to the quotient space. Hence, the marked point z Q and p(zq) is identified. 



LAGRANGIAN FLOER THEORY FOR TORIC ORBIFOLDS 



35 



Hence in the moduli space of smooth holomorphic discs containing the above 
map w , we may regard that the marked point z moves only along the arc from 1 
to e 27 ™^ of dD 2 . The smooth disc wraps around the orbifold point with multiplicity 
k in the above example, but due to the identification of the boundary marked point 
as above, the evaluation image of evo of the moduli space of discs only covers the 
boundary once. The rest is the same of [F0002 and we leave the details to the 
reader. □ 

9.3. Moduli space of holomorphic orbi-discs. In this subsection, we allow 
interior marked points, and in particular, interior orbifold marked points. Let j3 G 
H 2 (X, L;Z) and let Ai 1 ^l n l (L(u) , P, x) be the moduli space of good representable 
stable maps from bordered orbifold Riemann surfaces of genus zero with k + 1 
boundary marked points, I interior (orbifold) marked points in the homology class 
P of type x where x — (<-f( gi ), • • • , X( gi ))- We denote 

M^?mu),p) = \jM^?mu),(3,x). 

X 

The problem of orientation of the moduli spaces is similar to that of the smooth 
discs, and we omit the details. 

In corollary |6.3[ we have found the one-to-one correspondence between an ele- 
ment of v G Box' , and holomorphic orbi-discs with one orbifold marked point that 
satisfies \i de — (modulo torus T"-action). We have denoted the homotopy class 
of such orbi-disc by p v G H 2 (X, L; Z). In particular, such v G Box' can be written 
as v = Ci 1 b il + . . . + Ci„bi n G N with < a j < 1. Then, it is easy to see that P v 
satisfies the following: 

dp v = u G N S Z» [i de ((3 vi X v ) = 0, p„n [Tr-^dPj)} = c r 

Proposition 9.4. (1) Suppose ti de (P,x) < 0. Then, M™iy e9 {L(u),f3,x) is 
empty. 

(2) Ifn de {l3,x) = 0, and if /3 ^ p^foranyvE Box, then M™™{ re6 '{L(u), P,x) 
is empty. 

(3) The moduli space A4™^l n ^ re9 (L(u) , {3) is Fredholm regular for any (3 . More- 
over, evaluation map evo : (L{u), P) — > L{u) is submersion. 

(4) If Mk+i™(L(u), 0) is non-empty, then there are k v ,k, L G N, a 3 G H 2 (X;Z) 
such that 

p = k v p v +^2hpi+j2 a j 

is£Box' i j 

and aj is realized by a holomorphic orbi-sphere, and at least one k v or fcj 
is non-zero. 

If Mf t f n (L(u), P) is not empty and if dp N b := Z(b u . . . , b m ), then 
there exists v G Box' such that 

P = P v +Y^hPi + Y^ a r 

i 3 

(5) For v G Box' , we have 

M?f n ' re9 (L( U ),p„) = M^rmuip,,). 

The moduli space A^™""^^),/?,,) is Fredholm regular and the evaluation 
map evo becomes a diffeomorphism preserving orientation. 
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Proof. For (1), this follows from the desingularized Maslov index formula for holo- 
morphic orbi-discs. And (2) follows from the classification results in section [6j 

For (3), Fredholm regularity is already proved. The complex structure is invari- 
ant under T"-action and L(u) is T n -orbit, it follows that T n acts on the moduli 
space .M™" m ' re9 (L(it), /3) and evo becomes T n -equivariant map. Hence evg is sub- 
mersion. 

For (4), the first statement follows from the structure of the stable map, and for 
the second statement, consider a map h G A4i i(L(u), f3). If the domain of h is a 
single (orbi)-disc, then the theorem follows from the classification theorem, in which 
case a.j — 0. Otherwise, domain of h has several irreducible components, which are 
(orbi)-discs and (orbi)-spheres. Since <9/3 ^ Nb, one of the disc component has to 
be a holomorphic orbi-disc, and as we allow only one interior marked point, there 
cannot be any other orbifold disc. Then the claim follows from the classification 
theorem. 

For (5), let h G Mf ain (L(u), /3 V ). By (4), we can write 

Pv = ^-+12 k ^ + 12 a i > ( 9J ) 

i j 

for some v' G Box. By considering their boundaries, we have 

i 

or equivalently, 

v = v' + y^kjbj. 

By the definition of Box, this implies that v = v ' since the coefficients of v as a 
linear combination of bj's should lie in the interval [0, 1) and since fcj G Z>o- 

Thus, we have fcj/3j + a j ~ ^> As their symplectic areas are positive unless 
trivial, hence this implies that fej = for all i, and aj = for all j. This proves 
the first statement and the second statement follows as in the proof of Proposition 
1931 □ 



10. Moduli spaces and their Kuranishi structures 

In this section, we discuss the T"-equivariant Kuranishi structures of moduli 
spaces M.k+i,i(L(u), 0) of holomorphic (orbi)-discs. Recall that T"-equivariant 
Kuranishi structure of the moduli spaces in smooth toric manifolds has been con- 
structed in [FOOQ2] . And also recall that Kuranishi structure of the moduli space 
of stable maps from orbi-curves (without boundary) has been established in the 
work of Chen and Ruan |CRj . We also recall that the Fredholm setup and gluing 
analysis for J-holomorphic discs has been carefully discussed in the foundational 
work of [FOOO]. and the case with bulk insertion is discussed in [F0003 . 

For our case of toric orbifolds, the moduli spaces A4k+i,i(L(u), j3) of holomorphic 
(orbi)-discs also have T™-equivariant Kuranishi structure, as most of the construc- 
tion of [FOOO and F0002] can be easily extended to these cases in a straightfor- 
ward way by combining the work of Chen and Ruan |CR) regarding interior orbifold 
marked points. But we give brief explanations on some of the issues for readers 
who are not familiar with them. 
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10.1. Fredholm index. Let us explain the virtual dimension of the moduli spaces. 
First, we recall the case of closed J-holomorphic orbi-curves from Chen-Ruan |CR| . 
Let E be a closed Riemann surface, with complex vector bundle E on it. The index 
of the first order elliptic operator d is given by Riemann-Roch formula 

index(d) = 2ci (£)[£] + 2n(l - gz), 

where 2n is the dimension of E, and gs the genus of E. 

Let E is a closed orbi-curve with orbifold marked points z±, • ■ • ,Zk (with un- 
derlying Riemann surface £, and E is orbifold complex vector bundle, with degree 
shifting number ^ at i-th marked point. Then the index of d is given as (Lemma 
3.2.4 of PS) 

k 

index(d) = 2ci(|£|)[E] + 2n(l - g s ) = 2ci (£)[£] + 2n(l - g s ) - ^ 2i;. 

i=l 

Here, |25| is the desingularization of E explained in section[3j and the second identity 
is from Proposition 4.1.4 of |CR2] which follows from the curvature computation in 
Chern-Weil theory. The desingularized bundle \E\ can be used for index computa- 
tions, as local holomorphic sections of E and \E\ can be identified (see Proposition 
4.2.2 of |CR2j ). and hence, they have the same indices. Note that the desingularized 
orbi-bundle over orbi-curve has trivial fiber- wise action near orbifold point. Hence 
\E\ gives an honest vector bundle over E and we can apply the usual index theorem, 
and obtain the above equality. 

The moduli space of stable maps from genus g orbi-curves with k marked points 
mapping to x, of class A e H 2 (X), is denoted as M g ^{X, J, A, x). Applying the 
above index formula to the pull back orbi-bundle, the dimension of M. g ^{X, J, A, x) 
is given as (Lemma 3.2.4 of |CRp 

k 

2c l {TX)[A] + 2n(l - ffa) - 6 - ^ 2i(x(i)). 

f=i 

Exactly the same argument applies to our cases. Let E be a bordered Riemann 
surface, with complex vector bundle E — > E, a Lagrangian subbundle C — > <9£. 
Recall that (see |KL) for example) , the index of d is given by Riemann-Roch formula 

index(d) = /i(E,C) + n ■ e(E), 

where 2n is the dimension of E, and e(E) the euler characteristic of E. 

Let E is a bordered orbi-curve with interior orbifold marked points z\ , • • • , Zk, 
and E is orbifold complex vector bundle, with degree shifting number tj at i-th 
marked point, and with a Lagrangian subbundle C — > <9£. Then we have 



k 

index(d) = fi(\E\,£)+n ■ e(E) = fi(E,£)+n ■ e(£) - ^2^ 



The second equality follows from Proposition 3.5 Proposition 6.10 of |CSj ). 

Applying the above index formula to the pull back orbi-bundle of holomorphic 
orbi-discs (note that e(E) = 1), we obtain the virtual dimension of the moduli space 



2.5 



of bordered stable maps A4k,i{L, /3, x), which proves the lemma 

n + /i rfe (/3, a;) + fc + 2Z-3 = n + HcwiP) + k + 21 - 3 - 2i{x). 
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Here we have subtracted Aut(D 2 ) — 3 as we consider the moduli space, and k, 21 
accounts for the freedom of boundary, and interior marked points. 

10.2. Construction of Kuranishi structures. We recall a definition of a Kuran- 
ishi neighborhood (chart) (V, E, T, -0, s) of a moduli space Ai: V is a smooth man- 
ifold and E is a vector bundle over V, with a group T acting on V and E in a com- 
patible way, and s : V — > E is T-equivariant section such that ip : s^ 1 (0)/r — > M. is 
homeomorphic to an open set of the moduli space A4 . We refer readers to |FOOO] 
for the definition of compatibilities between Kuranishi charts, and for more details. 

The general scheme to construct a Kuranishi structure of a moduli space is as 
follows: first, one constructs a Kuranishi neighborhood of each point in the interior 
of the moduli space. The proper Fredholm setting for this construction and the 
application of the implicit function theorem to it is by now standard. Then, one 
also construct a Kuranishi neighborhood of each point in the boundary of the moduli 
space or for the stable map. For this, Taubes type gluing argument is needed, and 
the gluing construction for interior node [FOn (and orbifold interior node |CR| ). or 
boundary node |FOOO| . has been established. Once, local Kuranishi neighborhoods 
are constructed, there is a standard procedure to construct the global Kuranishi 
charts, which we refer readers to |FOn) or |FOOOj . 

We explain the construction of a local Kuranishi neighborhood of 

((•£,z,z^),w,0 £ M k+u (L(u),p,x). (10.1) 
First, we consider the case that the domain X — T> is an orbi-disc T>, in which 



case the element (10.1 1 lies in the interior of the moduli space Mk+i,i{L{u), /3, x). 
Then, the linearized 9-operator at w is given as 

D w d : W hp <J), w*TX, L) -> L P (V, w*TX ® A ' 1 ) 

and obstruction space E can be chosen so that elements of E are smooth, and 
supported away from marked points and from dT> and also that 

lmage(D w d) +E = L p (V,w*TX ® A 0,1 ). 

Then the kernel of D w d : W hp (V, w*TX, L) -> D>(D, w*TX <g) A°' 1 )/E is denoted 
as V map , and the section s = D w d. One takes V = V map x V dom where V dom 
parametrizes the deformation of the domain (2?, z, z + ). In this case the automor- 
phism r is trivial since the boundary of the disc maps to L, only intersects toric 
divisors at finitely many points. Non-trivial T appears if S has sphere component. 

In fact, to consider D w d properly, instead of T>, one identifies T> with a bordered 
Riemann surface S' of genus 0, with strip-like end (near boundary marked points) 
and with cylindrical end (near interior marked points). Then over this domain £', 
we have a Fredholm problem by considering D w d problem with suitable exponential 
weights as in |FOnj . |CR| (for cylindrical end) and [FOOO (for strip-like end). In 
the case of orbifold marked points, we follow Chcn-Ruan's construction that such 
Riemann surface £' still has "orbifold" data near orbifold marked points. Namely, 
consider an interior marked point z\ € £ which has Z/mZ singularity. Let p be the 



generator of Z/mZ. Suppose the equivariancy data £ of the map w in (10.1) gives 
a homomorphism <p : 'L/m'L — > G t0 ( 2l ) where G w ( Zl ) is a local group of z\. Then a 
cylindrical end (for z\) is considered to have a covering cylinder with Z/mZ action, 
and the pull-back bundle over it is considered as an orbifold bundle on it. Hence 
the change is only for analytical purposes and orbifold data is not lost during the 
process. Then in setting up the Fredholm problem, one adds the description of 
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the points pi where these infinite ends are exponentially converging to. For orbifold 
marked point z\ as above, Chen-Ruan required that the end of holomorphic cylinder 
limits to a point pi € X<t>(p) m the twisted sector. We refer readers to Lemma 3.2.3 
of [CRj for more details. The construction of i\) : s _1 (0) — > Mk+i,i(L(u), /3,x) 
involves implicit function theorem following |FOOO| (and [CRj regarding interior 
orbifold marked points) and is standard and omitted. 

Now, we consider the construction when a :— ((S, z, z*~), w, £) is in the bound- 
ary^ corner) of the moduli space Aik+i,i(L(u), (3, x). We first write the domain 
£ = U„7r„(I]„) as the union of irreducible components, which are (orbi)-discs and 
(orbi)-spheres. We recall an important ingredient of Chen-Ruan's construction of 
Kuranishi structure when the image of some irreducible components of a domain 
entirely maps into the (orbifold) singular locus of X. 

Note that if £„ is a disc, it cannot map entirely into the singular locus of X , 
due to Lagrangian boundary condition. So, let us suppose that component £„ is an 
(orbifold) sphere which maps entirely into the singular locus of X via w. We denote 
by G v the group whose elements are stabilizers of all but finitely many points of 
the image of Yi v . Namely, after deleting finitely many points z' D z^ n Yi v of £„, 
for any points p £ u>(£„ \ z'), local group G p is isomorphic to a fixed group G v 
(from the properties of orbifold J-holomorphic maps). Then, define 

G a = {{g u ) e \\G v I g v (z v ) = g u {z u ) if n u (z u ) = 7r w (z w )}- 
if 

This G a will be added to the T of the Kuranishi structure in the following way. 
The automorphism group Aut(o) of a acts on G a by pull-backs. Hence we get a 
short exact sequence 

1 -)• G a -)• T a -)• Aut(a) -> 1. 

r CT is the finite group T of the local Kuranishi neighborhood and the action of To- 
on V and E is defined from that of Aut(a) by setting G a to act trivially on them. 
The rest of the construction is carried out in an r^-equivariant way. 

We remark that the general discussion in Chen-Ruan |CR| is more complicated 
as the groups may not be abelian. In the general case of [CRj . among G„, one 
should take the elements which form a global section on Y, v \ z', so that G v do 
not change the local group at w(z^~)'s by conjugation (Then such elements of G v 
commute with local groups at w{z + )). In our case, toric orbifolds, the local groups 
are abelian, and we can take G„ as above. 

So, in our case of a € Mk+i,i(L{u), /?, x) \ .Mj^ ; (L(m), (3, x), we need Taubes' 
type gluing construction. Namely, one first replaces E„ (equipped with marked 
points) with the associated Riemann surface with cyclindrial, and strip like ends, 
and apply the construction of the above for each £„. Then, as in section 7.1.3 of 
[FOOOj . one can apply gluing construction (of constructing approximate solution 
and applying Newton- type iteration arguments to find actual holomorphic curves), 
where the gluing near boundary nodal point is carried out in [FO OOj and gluing 
near interior nodal point is carried out in |FOnj (and the orbifold nodal points in 
|CR| ). We omit the details, and refer readers to the above references. We can 
construct global Kuranish structure from local Kuranishi charts as explained in 
section 7.1.4 of (FOOOj . 
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10.3. T"-equivariant perturbations. We briefly recall T™-equivariant Kuranishi 
structure of the moduli spaces in [F0002 , and show that the moduli space of stable 
orbi-discs Mk+i,i(L(u), /?) in this paper, also has such a structure analogously. 

Consider the following family 21 of compatible Kuranishi charts of the moduli 
space M: 

{(Va, E a , T a , 

IpOi) Set )\a € 21}. 

Here tt : E a — > V a is a vector bundle with equivariant r Q -action, and s a is a r a 
equivariant section of E a and ipa is a homeomorphism tp : s _1 (0)/r Q — > A4. 

Recall from [F0002 Appendix 2, Definition 15.4 that such a Kuranishi struc- 
ture is said to be T™-equivariant in the strong sense, if 

(1) V a has T n -action and it commutes with r a -action. 

(2) E a is T™-equivariant vector bundle. 

(3) The maps s Q , ip a are T ra -equivariant. 

(4) Coordinate change maps for embeddings of Kuranishi charts are T n -equivariant. 

Recall that a strongly continuous smooth map ev : M — > L is a family of r a - 
invariant smooth maps ev a : V a — > L which induces ev a : V a /T a — > L and compat- 
ible with coordinate changes, ev is said to be weakly submersive if each ev a is a 
submersion. 

Proposition 10.1 (c.f. Prop. 15.7 (FOQ02j ). The moduli space Mk+i,i(L(u), j3) 
has a T n -equivariant Kuranishi structure such that evo '■ Mk+i,i(L(u), /3) — > L is 
T n -equivariant, strongly continuous, weakly submersive map 

Proof. The same line of proof as in that of Prop. 15.7 [F00(J2] can be used to prove 
the existence of T n -equivariant Kuranishi structure in our case too: The standard 
complex structure J of X is T n -invariant, and Lagrangian submanifold L(u) is a 
free T™-orbit. Note that as the torus action on ambient toric variety carries over 
to the tangent bundles, and Cauchy-Riemann equations in a natural way, and the 
main new ingredient is how to choose an obstruction bundle in a T"-equivariant 
way. 

We have a free T n action on the Kuranishi neighborhood since the T" action on 
the Lagrangian submanifold L(u) is free and also that evaluation maps ev are T n 
equivariant as explained in [F0002 . We can take a multivalued perturbation of 
the Kuranishi structure that is T n equivariant. Such a multisection which is also 
transversal to is constructed by taking the quotient of Kuranishi neighborhood, 
obstruction bundles and so on by T n action to obtain a space with Kuranishi struc- 
ture. Then take a transversal multisection of the quotient Kuranishi structure and 
lift it to a multisection of the Kuranishi neighborhood. The evaluation map be- 
comes submersion from the T n -equivariance. (The existence of T n -action simplifies 
the general construction of [FO OOj because the fiber products appearing in the 
inductive construction are automatically transversal). □ 

Now, we focus attention to the moduli space of holomorphic discs without (orb- 
ifold) interior marked points. (The case of orbi-discs will be considered in section 
[T2| . Consider the following map which forgets the (1, • • • , fc)-th marked points 

forgeto : M%?$(L(u), 0) -+ 

As in [FD002 we can construct our Kuranishi structure so that it is compatible 
with forgeto. 
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Lemma 10.2 (c.f. Lemma 11.2 |FOOQ2] L For each given E > 0, we can take 
a system of multisections Sp t k+i on M™®l n (L(u), (3) for tu(/3) < E satisfying the 
following properties: 

(1) They are transversal at zero section, and invariant under T n -action. 

(2) The multisection Sp t k+i is obtained as the pull-back of the multisection 5 p t \ 
by the forgetful map. 

(3) The restriction of the multisection $p t i to the boundary of Ai™^ 11 "" {L(u) , (3) 
given as the fiber product of the multisection Sp' t k' from the following 

dM? ! $ in (L(u),!3)= (J MTrWu),^)^ x eVl M^ in (L(u),f3 2 ). 

(4) M" l Q m (L(u), fii) for i = 1, • • ■ , m are not perturbed 

The proof of the lemma is the same as |FOOO] and is omitted. We obtain the 
following corollary from the dimension arguments: 

Corollary 10.3. The moduli space .M™o m (L(it), (3) Sf) is empty if the Maslov index 
H(f3) < or f3^0 and fj,(f3) = 0. 

These T"-equivariant perturbations define the following open Gromov-Wittcn 
invariants for toric orbifolds as in Lemma 11.7 of F0002 . This is becaus e the 
virtual fundamental chain of Ai™§ ln \L{u) , (3) is now a cycle due to corollary 
A homology class cp[L(u)} € H n (L(u);Q) can be defined by the pushforward 

cp[L(u)] = ev.([M%5 in (L(u),0)'>>]). (10.2) 

Lemma 10.4 (Lemma 11.7 [F0002 ). The number cp is well-defined, independent 



10.3 



of the choice sp : k+i in Lemma 10.2 



From the classification results (Pro p. |9.3[ ), we have = 1 for i = 1, • • • , m, 
where the sign can be computed from |Clj . If X is Fano, then we also have cp — 
for p£ ft. 

11. Filtered A^-algebra and its potential function 

11.1. Filtered Aoo-algebras and its deformation theory. We provide a quick 
summary of the deformation and obstruction theory of [FOOOj just to set the 
notations. We refer readers to [FOOOj . |FOOQ2j for full details. 

For a graded i?-module C, its suspension C[l] is defined as C[l] k = C k+1 . For 
x e C, we denote by deg(x) and deg'(x) denote its original, and shifted degree 
of x. Bar complex £?(C[1]), which is a graded coalgebra, is defined as £?(C[1]) = 

er= ^(c[i]) with 

B k (C[l]) = C[l] ® • ■ ■ ® C[l] . (11.1) 

v v ' 

k 

We have B (C[1]) = R by definition. 

Definition 11.1. algebra structure on C is given by a sequence of degree one 
i?-module homomorphisms mfe : Bk(C[l}) —> C[l] for k = 1, 2, • • ■ such that 

n—l k— i+1 

^ (~l) e mn-k+i{xi ® • • • ® m k (x l: ■ ■ ■ ,x i+k -i) ® • • • ® x n ) = 0, (11.2) 

fe=l i=l 

which are called the A^- equations. Here e = deg' X\ + ■ ■ ■ + deg' x^±. 
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This can be written using coderivations as follows. The map m k can be extended 
to a coderivation fh k : B(C[1]) — > B(C[1}) by 

fc-i+l 

m k (xi ® ■ ■ ■ <g> x n ) = ^2 (-l) e 2:i <E> • • • ® m k (x l , ■ ■ ■ ,x i+k -i) <Z> ■ ■ ■ <8> x n (11.3) 

»=1 

If we set d — YlkLi m &> then Aoo-equation is equivalent to d o d = 0. 

Since mi o mi = 0, the complex (C, mi) defines the homology of Aoo-algebra. 
In a filtered case, Aoo-algebra is similarly defined but has mo : R — > C[l] term and 
we have mi o mi =^ in general filtered case. 

Definition 11.2. An element e € C° is called a itmi if it satisfies 

(1) m k+ i{xi, ■ ■ ■ , e, • • • , x k ) = for k > 2 or k = 0. 

(2) m 2 (e,x) = (-l) clcgl m 2 (3;,e) = a; for all a;. 

If mo(l) is a constant multiple of a unit ( i.e. mo(l) = ce for some c G i?), then 
mi o mi = 0, Therefore, one can consider the homology of m,\. 

To consider filtered Aoo-algebra, consider © meZ C™, a free graded Ao,„ D-module. 
Filtration F x C m given by a submodule of elements with coefficients with T-exponent 
> A, gives natural energy filtration and we consider a completion with respect to this 
filtration to define C. And consider similar completions to B k C and BC. A struc- 
ture of filtered algebra on C is given by a sequence of Ao jno «-homomorphisms 



{m k } satisfying A^-equation (11.2) with k > 0, and additionally satisfying the 
following properties. 

(1) m (l) G F X C 1 with A > 0, 

(2) m k respect the energy filtration, 

(3) m k is induced from m k : B k C[l] — > C which is an i?-module homomor- 
phism, where C is the free i?-module over the same basis elements as C . 

In this paper, we follow [F0002 to work with Aq rather than Ao ]nm) by forgetting 



e and we work with Z 2 graded complex( see (1.4 1 for Novikov rings) 



For b £ F X C 1 with A > 0, consider the following exponential 

e b = l + b + b®b+---eBC 

Then, deformed Aoo-algebra (C, {m b k }) is defined by setting m k as 

7715(11, • • • ,x k ) = m(e b ,x 1 ,e b ,x 2 ,e b ,x 3 , ■ ■ ■ ,x kl e b ). (H-4) 

If m(e b ) = m,Q is a multiple of unit e, then m\ defines a complex. 

Definition 11.3. An element b £ F X C 1 with A > is called a weak bounding 
cochain if m(e b ) is a multiple of unit e. A filtered yl^-algebra is called weakly 
unobstructed if a weak bounding cochain b exists. 

We denote by M weak (L) the set of weak bounding cochains of L. The moduli 
space M we ak(L) is then defined to be the quotient space of M wea k{L) by suitable 
gauge equivalence(see section 4.3 |FOOO| ). In fact, when C = H(L, Aq), one can 
also consider b in F' C[1] by introducing non-unitary flat complex line bundle over 
the Lagrangian submanifold (see |C3j . |FOOQ2] for more details). 
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11.2. Construction of filteredAxj-algebra of Lagrangian submanifold. Wc 

construct a filtered A^-algebra on H(L(u); Aq) using the (perturbed) moduli space 
of holomorphic discs as in [F0002 . We emphasize that we do not use orbi-discs 
to construst the filtered Aoo-algebra. Orbi-discs will be used for bulk deformations 
in later sections. 

For a T™-invariant metric on L(u), a differential form x on L(u) becomes har- 
monic if and only if x is T™-equivariant, and we identify H(L(u),M.) with the set 
of T™-equivariant forms, on which we construct the Aoo-structure. 

Consider evaluation maps 

ev = (e«i,-- • ,ev k ,ev Q ) : MT+n (L(u),f3y^ L(u) k+1 . (11.5) 

For u>i, ■ ■ ■ ,u!k G H(L(u),M.), we define 

mk,p(<^i, ■ ■ ■ ,w fc ) = (euo)i(eui, • • • ,ev k )*(oJi A • • • Aw fe ). (H.6) 

Here (evo)\ is an integration along fiber and it is well-defined as evo is a submersion. 
(See the appendix C of [F0002 for details on smooth correspondences). 

The resulting differential form is again T n -equivariant since sp and all other 



maps are T n -equivariant. As in [F0002 (and using Lemma 10.2), we obtain the 
Aoo-formula: 



fei 

^2 ^2 2j( _1 ) £m ki .01 ("I)*" ' m k2,fa{ui,- ",),-•' = 0. (11.7) 

/3i+02=/3fei + fc 2 =fc+l 1=1 

Here e = Y%Z{(deg'u>i). We put m k = ^ T^/^m*^. We extend the 
above to to with coefficients in A* multi-linearly. This defines an Aoo-structure 
on H(L(u),Aq). The constructed filtered Aoo-algebra is unital with the unit e 
being the constant 1 e iJ°(L,IR), which is the Poincare dual PD([L(u)]) of the fun- 
damental class, and this follows from the definition (11.6). Note that constructed 
Aoo-algebra is already a canonical model, since we define them on harmonic forms 
H(L; A ) in this case of a toric fiber L = L(u). 

As in [FOQ02], for r G ff^L.M), the A^-structure can be explicitly computed: 

Lemma 11.1 (c.f. Lemma 11.8 [FOOQ2j ). Forr G H l {L{u),h$) and (3 G n 2 (X,L) 
with fJ>(p) — 2, and for cp defined in Lemma 



10.. 



m M (r,--- ,r) = ^(r(5/3)) fc ■ PD([L(u)}). 

The proof is based on the fact that the intersection number of r and <9/3 is 
determined by the cap product d/3 n r = r(df3), and it is the same as that of 
Lemma 11.8 of |FOOQ2j . and omitted. 

From this computation, we have 

Proposition 11.2 (c.f. [FOOQ2) Prop. 4.3). We have an inclusion 

H\L{u); A+) M weak (L(u)). (11.8) 

Hence, toric fiber L(u) is weakly unobstructed for any u G Int(P). 

Moreover, one can takeb G H l (L(u); Aq), and it is contained in Ai weak {L{u)] Aq) . 
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Proof. First, take b + g iJ 1 (L(u), A + ). We have 

oo oo 

J2 m k (b + , ■ ■ ■ , b + ) = "£J2 y(b + {dp)) k T^I^ ■ PD([L(u)}). 

k=Q fc=0 

By the degree reason, the sum is over /3 with fi(f3) = 2. Hence b + e M wea k{L(u)) 
and the gauge equivalence relation is trivial on i? 1 (L(w);Ao) and this proves the 
inclusion. 

One can take b € H 1 (L(u); Aq) in the definition of weak Maurer-Cartan elements 
as in }FOQ02j as follows: For, b = b + b+, with b a G fl^-L^C) and b + e 
H 1 (L{u) , k+) , we introduce a representation p : ni(L) — > C* such that ^(7) = 
exp(J^ bo). We define a non-unitary flat line bundle C p on L with holonomy given 
by p, and modify the ^oo-structure by 

/3S7r 2 (M,L) 

If the resulting Aoo-structure {m^} is weakly unobstructed with weak bounding 
cochain 6 + , then the set of such 6's are denoted by A4 wea k(L(u); A ), and again 
called weak bounding cochains. We refer readers to |C3j . |FOOQ2j for more details. 

□ 

For b € M W eak{L), we have m\ = m(e b ) = and the Aoo-equation tells us that 
m\ is a differential. Hence, for b £ Mweak(L), we define the Bott-Morse Floer 
cohomology of L as 

HF((L;b),(L;b)) = I ^ I 4, (U.9) 
1m m\ 

We call it smooth Floer cohomology of L to emphasize that it does not use the data 
of bulk deformation by twisted sectors of toric orbifolds. 

Recall that for weakly unobstructed L, the potential function PO, as a function 
from M wea k{C) to A + is defined by the equation 

m(e h ) = PO(b) ■ PD([L]). (11.10) 

11.3. Smooth potential for toric orbifolds. Given a toric orbifold, the above 
construction gives filtered yloo-algebra for L(u), which uses only smooth holomor- 
phic (stable) discs. The potential PO above, may be called smooth potential for 
L(u) since it does not use information on orbi-discs. (The bulk deformed potential 
will be defined using orbi-discs in later sections). 

In this subsection, we discuss the properties of a smooth potential and define 
leading order smooth potential, which can be explicitly computed. As in the man- 
ifold case, if X is not Fano, smooth potential PO need to also consider stable disc 
contributions, which is not readily computable. 

We choose an integral basis e, € i? 1 (L(u);Z), which can be done by identifying 
L(u) = T n = (5 1 )" = (M/Z)™ by free torus action on L{u). (Here we may use dti 
in de Rham cohomology, where ij is the coordinate of the z-th factor of (R/Z) n ). 

We choose a weak bounding cochain b as 

b = ^ j x l e l e ^(Liu); A ). 

Then, PO(b) depends on (xi,--- ,x n ) € (A ) n and («!,-•• , u n ) £ Int(P), and 
hence to emphasize its dependence on u, we may write PO(b) as PO{x; u) :— 
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PO{x\, ■ ■ ■ , x n ; m, ■ ■ ■ , u n ). But for simplicity, most of the time we omit u, and 
write PO and PO(b). ( PO u is used in 1F0Q03| ). 

As in [FOOQ2j , it is convenient to introduce yi, • • • ,y n as follows (also because 
holonomy is defined up to 2it\/^1Z): We define 

oo 
fe=0 

where we write Xi = Xi t o + 2^,+ with x^q € C and € A+. 

Consider a toric orbifold X with moment polytope P and stacky vectors b. From 
(1.3)( Lemma 7.1 ), the following affine function measures the area of smooth discs 
corresponding to stacky vectors bj = (bji, • • • , bj n ) € Z n for j = 1, • • • , m: 

ij(u) = (u,bj) - Xj. 

We define the leading order smooth potential function POo(b) of toric orbifold: 

m 

PO (b) :=5>^">( yi )^...(y„) b - (11.11) 

3=1 



whose the j-th term corresponds to stacky vector bj (Corollary 6.4). Remaining 
terms PO(b) — POo(b) corresponds to the contributions of stable discs. 

We introduce variables Zj as follows: (which simplifies POo(b) = z\ + • • • + z m ) 

Zj =T^ u \ yi f^ ...{y n f^. (11.12) 

Theorem 11.3 (c.f. Theorem 5.2 |FOQ05Q . (1) PO(b) can be written as 

m N 

PO(b) = Zj +J2 TXkP ki z U- ■ ■ , «m)- (H.13) 
i=l k=l 

for N £ Z>o U {00} and A& £ M>o- If N = 00, then lim^oo = 00. Here 
Pk{zi, . . . , z m ) are monomials of Z\, . . . ,z m with A coefficient. 

(2) If X is Fano then P k = 

(3) The above formula (11.13) is independent of u and depends only on X. 

Proof. If X is Fano, then, the usual dimension counting shows that only Maslov 
index two discs of class /?j's for i = 1, • • • , m contribute to rrif. p(b, ■ ■ ■ ,b). Hence, 
to show (2), it is enough to show that each contribution for J2k m k,f3i(b, ■ ■ • ,b) 
is given as z\. 

Denote b = Y^,7=i Xi&i with b — xq + x+ as before and consider flat line bundle 
L on L whose holonomy p along e* is exp(xifl). Then, we have 

00 m 00 

£>£(*+,•••,*+) = ^ ^T^)/ 2 >(dft)m fc , ft (*+,•• • ,x + ) (11.14) 

m 00 1 

i=l k=0 
m 

= ^ei^^l^W . PD([L}) (11.16) 



fc=0 i=l fe=0 

m 00 
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where the third inequality follows by writing x+{dj3i) =< bi,x + >. Since yi = e 1 
we obtain e^*' 3 ^ = y^ 1 ■ ■ ■ y^ in and thus, in the Fano case, we have 



PO(x; u) = PO (b) = Vi 1 ■ ■ ■ 



Hence, to prove (1), let us assume that X is not Fano, and find a general ex- 
pression for stable map contributions. If X is not Fano, and for /3 7^ f3j, f3 is the 
homotopy class of stable discs (still with ^t(/3) = 2) and from the Theorem 9.3 (4), 
we have that 

dp = hah, p = y, hft 

i 3 

Thus, by computing 

J2T"(Wml tP (b,...,b) 

k 

we note that it is a constant multiple of the expression 

proves the theorem. The proof of (3) are similar to [FOOD 5] and omitted. □ 

The rest of the procedure to compute smooth Floer cohomology from the smooth 
potential function is analogous to F0002 or F0005 of the manifold case. 
Hence, we only summarize the main results and refer readers to the above ref- 
erences for full details. The following criterion reduces the computation of smooth 
Floer cohomology to the critical point theory of the potential function. 

Theorem 11.4 (c.f. Theorem 5.5 [F0005 ). Let b = ^a^e,. The following are 
equivalent 

(1) For each of i = 1, • ■ ■ , n, we have 

%° = ». 

OXi b 

(2) We have an isomorphism as modules 

HF((L(u),b), (L(u), b); A ) £* H(T n ; A ). 

(3) 

HF((L(u),b),(L(u),b);A)^0. 
Proof. This is obtained by taking a derivative: note that db/dxi = e,, and hence 

QPQ 00 00 

-7^7 = X] ^2 m ki+k 2 +i{b,--- ,b,e t ,b,--- ,b) = m b 1 (e i ). 

fcl k 2 

This shows that (1) is equivalent to the condition m\(ei) = for all i = 1, ••■ ,n. 
For the equivalence between the latter condition and (2), we refer readers to section 
4.1 of |C3j or Lemma 13.1 of [FOOOj . where one uses the product structure of Floer 
cohomology classes to show that e^'s are non-trivial classes. The rest is left as an 
exercise. □ 

In practice, we use derivatives with respect to yt, and ^7 is the same as yt^p- 
In fact, the variable y depends on u and written as y u in [F0005 , but potential 
function given as (11.13) is independent of u. Thus, we may take u = 0, and write 
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y for y° as in IFOOQ5| and write z 3 = T^ (0) ( yi ) b ^ . . . {y n ) h ^ . In |FOQ05j . they 
introduce (r]i, ■ ■ ■ i] n ) £ (A\{0}) n as possible domain for (y 1; • • • , y n ) and considered 

A(Int(P)) = {( m , ■ ■ ■ r?n) 6 (A\ {0})" | (x> T (vi), ■ • • , M^)) G Jnt(P)}. 

Then, the relevant information of u from y variable can be read off from the valu- 
ation X>t of y variables, and PO can be considered as a function on A(Int(P)). 

Theorem 11.5 (c.f. Theorem 5.9 |FOOQ5j ). For u £ Int(P), the following two 
conditions are equivalent. 

(1) There exists b G -ff 1 (L( , u); A ) such that we have an isomorphism as modules 

HF((L(u), b), (L(u), b); A ) <* H(T n ; A ). 

(2) There exists r\ = (771 , • • • rj n ) £ A(/ni(P)) smc/i t/iat 

for i = 1, • • • , n and t/iat 

(0 r (?7i), • • • ,t) T (?7n)) 

The proof is analogous to F0005] and omitted. We discuss examples of the 
smooth Floer cohomology of Lagrangian torus fibers for teardrop orbifolds and 



weighted projective spaces in section 15 



12. Bulk deformations of Floer cohomology and bulk orbi-potential 

Bulk deformations were introduced in [FOOCJJ as a way to deform A^-algebra 
of a Lagrangian submanifold by an ambient cycle of the symplectic manifold. It 
gives further ways to deform the Floer theory, which found to be very effective way 
of locating non-displaceable torus fibers in toric manifolds( F0003J). 

For an orbifold X and a smooth Lagrangian submanifold L, bulk deforma- 
tions from inertia components of X, play much more important role, because, J- 
holomorphic orbi-discs come into Floer theory only via bulk deformations. This 
is because, holomorphic orbi-discs has a domain, which has an interior orbifold 
singularity, and we have used interior orbifold marked point to record the orbifold 
structure of such a domain. Thus, description of J-holomorphic orbi-discs always 
requires at least one interior orbifold marked point. 

We will see in examples in section [15] that these bulk deformations are very 
important to understand symplectic geometry of orbifolds, because the very rigid 
feature of Hamiltonian dynamics of orbifolds, are detected by bulk deformations 
via twisted sectors. 

In this section, we first explain our setting of bulk deformations for toric orbifolds, 
and set up bulk deformed A^- algebras, and analyze the bulk potentials of them. 

12.1. Bulk deformation. We follow [FOOOj . and lFOOQ3j to set up bulk defor- 
mations of Aoo-algebras as follows. The new feature is that for toric orbifold X, we 
consider bulk deformation via fundamental class of twisted sectors. 

Definition 12.1. For each v £ Box' , consider fundamental cycles \x v £ H a (Xv; R) 
of inertia component X„, and regarded it as an element with degree 2t„ ( i.e. 
deg{\xS) — ^ L v) as in |CRj . Also, consider toric divisor Di of X. We take a finite 
dimensional graded R- vector space H generated by these Ixjs, and ZVs: 

H = ® v&B ox'R < 1*„ > ®\ n =1 R < A > • (12.1) 
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Note that we do not consider more general bulk deformations by H* rb (X) in this 
paper. To simplify notation, we label elements of Box' as 

Box 1 = {u m+1 ,--- ,v B }. (12.2) 

We define 

H a = { Da for l<«<™ (12 . 3) 
1 \ Xua for m + 1 < a< B. 

These HaS for a = 1, . . . , B form a basis of H . 
For b a G A + for each a, we consider an element 

b = ^b a ff Q e!/®A + . (12.4) 

a 

Bulk deformations uses following family of operators 

q/3;a : E t (H[2])®B k (H*(L;R)[l]) -> H*(L;R)[1}. (12.5) 

Here, degree shiftings H[2] and H*(L;R)[1] are introduced to make the degree of 
the map (\p-e y k to be 1 — fi(/3), where 2, 1 corresponds to the degree of freedom of 
interior and boundary marked points in D 2 . 

The symmetrization E(C of BiC can be defined as invariant elements of BgC 
under symmetric group action. Consider the standard coproduct A : BC — > BC 
and A™" 1 : BC (BC)®" 1 or EC -> (EC)® n which is defined by 

A"' 1 = (A ® id ® ■ ■ ■ ® id ) o (A ® id ® ■ ■ ■ ® id ) o ■ ■ ■ o A. (12.6) 

n— 2 n— 3 

An element x € BC under A™ -1 can be written as 

A n - 1 (x) = ^x^ 1 ®...®x^, (12.7) 

c 

for c running over some index set for each x. Shifted degree of the element x = 
x\ ® • • • ® Xk is given by deg' x = deg' Xi. 

Theorem 12.1 (c.f. Theorem 3.8.32 [FOOOj l. For toric orbifold X and La- 
grangian torus fiber L, the operators c\p ; i.k can be constructed to have the following 
properties. 

(1) For /3 andxe B k (H(L; R)[l}) , y G Ei(H[2}), we have 

0= £ £(-l) £ q, 1 (y^;x^®q /32 (y^;x^)®x^) (12.8) 

where 

e = deg'x^(l + degy^j 2 ) + degy 2 ; 1 . (12.9) 

Here, we write q,a(y;x) /or q /3; ^ fc (y; x). 

(2) For 1 € E (H[2]) and x € B k (H(L; R)[l]), we have 

q /3; o,fc(l;x) = m M (x), (12.10) 

where mk,p is the filtered structure on H(L;R) constructed in (11.6). 

(3) Consider x = x x ® e ® x 2 € B(H(L; R)[l]). Then 

q (3 (y;x) = (12.11) 

q i 8 b (l;e®i) = (-l) deis *q / j (l;s(»e)=a;, (12.12) 
where we have /3q — <E H 2 (X, L;Z) and ir G i?)[l]. 
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We explain the construction of q in the next subsection 12. 2| The proof of the 
theorem then follows from that of Theorem 3.8.32 [FOOOj and Theorem 2.1 of 
[FOO Q3 , and we omit the further details. 

Using the notation in ( |12.4[ ), we define 

oo 

m b k (x u . -.,x k ) = J2J2 T^^mA^^i, • • • , x k ). (12.13) 
p 1=0 

The above theorem implies that 

Lemma 12.2 (Lemma 2.2 |FOO Q3j). The operations {m^}^L Q define a structure 
of filtered A^-algebra on H(L; Aq). 

The element b € A+) is called a weak bounding cochain of the filtered 

algebra (#(£; A ), {m£}) if 

OO 

m b k (e b ) = ■■■' b )= cPD([L]), (12-14) 

fe=0 

for some constant c G A + . In fact, one can extend it for b £ i? 1 (L; Ao) exactly the 
same way as in Proposition 11.2 and we omit the details. We define the potential 
PO (b, 6) by the equation ( |12.14[ ) 

PO{b,b) = c e A+. (12.15) 

Definition 12.2. The set of the pairs (b, b) such that b is a weak bounding cochain 
of (H(L; Ao), {m£}), is denoted as M wea k,def(L; Aq). PO(b, b) defines the potential 
function: PO : M wea k,def(L; A ) -> A + . 

We also use the notation PO b (b), and PO b (b,u) sometimes for PO(b,b). 

For (b, b) € M wea k,def(L; Aq), we have differential satisfying mj' 6 o m^' 6 = 0: 



E&Ui^-^), (12-16) 



6,6 

h = 

k=0 1=0 



Definition 12.3 f IFOOOj Definition 3.8.61). For (b,b) £ M weak ,def, we define 
Floer cohomology with deformation (b,b) by 



HF((L, b, 6), (L, b, 6); Ao) - ^f"^ - (12.17) 

lm(m 1 ' ) 

12.2. Construction of q for toric orbifolds. In this section, we construct the 



operator q using the moduli space of holomorphic (orbi)-discs to prove theorem 12.1 



Recall from Definition |1 2 . 1 1 that bulk deformation by elements of H are considered, 
where H is generated by fundamental class [l^„]'s for v € Box' and by divisors 
DiS (for i = 1, • • ■ , m). 

First, we consider the relevant moduli spaces. Recall that (Definition 2.8) we 
denote by / = {1, • • • ,1} and consider the map x : I — > Box, where a stable map 
((£, z, Z+), w, £) is said to be of type x if for i = 1, • • • ,1, 

et)+((i],z,r f ),w,c) e x x (t). 

To include the interior intersection condition with toric divisors, we introduce 
the following notations. Consider a function 

P :I->{1,--- ,5} 



50 



CHEOL-HYUN CHO AND MAINAK PODDAR 



to describe bulk intersection. We write |p| = I. The set of all such p are denoted 
as Map(l, B_). From p, we define x : I —> Box as follows. 







if m + 1 < j < B 
if P(i) e {!,-•• ,m} 



We enumerate the set of all j £ I with x(j) =0 as {ji, ■ 
We define a fiber product 



MZffi (L(u) ,ftp) = M™+{™ (L(u),ftx) {ev 



i=l 



(12.18) 



(12.19) 



The virtual dimension of the above fiber product is (see section 10.1 ) 

i 

n + fi(/3) + k + 21 + 1-3 -^2 2i(x(j)). 

3=1 

We also remark that we take fiber product only at smooth interior marked points, 
and hence the above fiber product is the usual fiber product, not the orbifold one. 

The following lemma is an analogue of Lemma 6.3 in [F0003 and part of it is 
already discussed in the Proposition 10.1 We omit its proof and refer readers to 
[FOOOSj . 

Lemma 12.3. Moduli space A^^J™(L(u), ft p) has a T n -equivariant Kuranishi 
structure, and the evaluation map 

ev = (ev , ev u . . . , ev k ) : M^(L(u), ft p) -> L(u) k+1 (12.20) 

is weakly submersive and T n -equivariant. It is oriented and has a tangent bundle. 

The consideration of boundary of a moduli space is by now standard, can be 
done as in |FOOQ3] Lemma 6.4. (We skip the details and refer to |FOOQ3j ). 
Lemma 6.5 |FOOQ3] also generalizes to our situation. Let 

fotaeto : M^ t (L(u), ft p) -> M?f n (L(u), ft p) (12.21) 

be the forgetful map which forgets all the boundary marked points except the 0-th 
one. We may choose our Kuranishi structures so that (12.211 is compatible with 



forget^ of Lemma 10.2 



Lemma 12.4 (c.f. Lemma 6.5 |FOOQ3j ). Fix E > 0. Then there exists a system 
of multisections Sp^+i, i , P on M^f l l {L{u), ft, p) for u (ft) < E, p e Map(l,B), 
satisfying the following properties. 

(1) They are transversal to zero section and invariant under T n -action 

(2) The multisection S/3 t k+i,i,p is given by the pull-back of the multisection 
Sp,l,l,p via the forgetful map (12.211. 

(3) multisection at the boundary is compatible with the fiber product as in 
Lemma 6.5 of |FOOQ3| . 

(4) For I — the multisection fc+x o * s ^ e same as the one defined in 
Lemma \ 10.Ha 

(5) multisection Sp^k+i,i.p is invariant under permutation of the interior marked 
points. 

Proof. The proof is similar to the proof of Lemma 6.5 F0003 and omitted. □ 
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We use the above moduli spaces to define the operators qp ; k,l a s follows. We put 

H( P ) = H p(1) ®---®H p(l) €H® 1 , 



Then, q is defined as in (11.6) by pulling back differential forms and pushing 
forward: 

qf);i,k(H(p); h 1 ,...,h k ) = -(ev )i(evx, ev k )*{h x A • • ■ A h k ). (12.22) 

We define q^-i.k for (f3, 1, k) ^ (0, 0, 0), (0, 0, 1) by the above and put 

q 0; o,iW = (-l) n+dcsh+1 dh, qowfahi) = {-l) d ** hl V* h ' + »h 1 Ak 2 . (12.23) 

Remark 12.4. One needs to fix E and construct qp-u,i for P H to < E and to 
take inductive limit, due to Kuranishi perturbation, (see Sections 7.2 and 7.4 of 
[FOOOj ). As in |FOOQ3] . we can use A nt K structure in place of Aoo structure, 
and we omit the details. 

We put = T^P/^qpj^k, and by extending linearly to 7J(g)A+, we obtain 



an operator q;^ for the Theorem 12.1 The proof of (12.8) is the same as that of 



Theorem 2.1 of |FOOQ3j and omitted. By taking T™-invariant differential forms 

b, can-ioo \ 
l k Sk=o) 



on L, we in fact obtain a canonical model (H(L(u); Aq(K)), {?%' can }^ ) as before. 



12.3. Bulk orbi-potential of toric orbifolds. Recall that in section 1 11 .3 we 



have discussed smooth potential PO for toric or bifold s. In this subsection, we 
discuss the bulk (orbi)-potential PO b ( Definition 12.2) of toric orbifolds, which 



should be considered as a bulk deformation of the smooth potential PO. 

Even for Fano orbifolds, it is very difficult to compute the bulk potential when we 
take b from inertia components. The reason is related to the fact that constant orbi- 
spheres with several orbifold marked points are in general obstructed, and Chen 
and Ruan |CR2] introduced Chen-Ruan cohomology ring of an orbifold from it. 
We have found holomorphic orbidiscs with one orbifold marked point, and proved 
its Fredholm regularity. But to consider bulk deformations b, we need to consider 
several insertions of b's, and in general, even the constant orbi-spheres will make 
the relevant compactified moduli spaces obstructed. Hence, it is hard to compute 
them directly. We remark that in the forthcoming work of the first author with K. 
Chan, S.C. Lau and H.H. Tseng, we find a way to compute these bulk orbi-potential 
for some cases, and show that these gives rise to geometric understanding of the 
(open) Crepant resolution conjecture and change of variable formulas. 

We will define a notion of leading order potential for toric orbifold, which we can 
compute explicitly using the classification of basic orbi-discs. This will be enough 
to determine Floer cohomology deformed by (6, b). 



First we consider the dimension restrictions. From (12.19), the moduli space 



M™ m (i(«), /3; p) contributes to the bulk potential if the following equality holds. 

i i 
» + /*G8) + l + 2I-3-£;2t(aj(j))=n, or = 2 + ^(2t(aj(?)) ~ 2 ) ( 12 - 24 ) 

3=1 3=1 

and /? 7^ 0. In such a case, note that the moduli space defined in Lemma [l2.4| 

A4^ am (L(w),/3;p) s,M '<' p 

has a virtual fundamental cycle, because boundary strata involve moduli spaces of 
lower dimension, but due to T"-equivariant condition, such boundary contribution 
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vanishes as the expected dimension is less than n as in Lemma |l0.4| Hence we can 
define the following orbifold open Gromov-Witten invariants. 

Definition 12.5. The number c(j3; p) € Q is defined by 

c(f3;p)[L(u)} = evo^lM^rmu),?-^)*^}). 

Lemma 12.5. The number c(/3;p) is well-defined, independent of the choice of 



$/3,k+i in Proposition 12.4 



The proof is the same as the proof of Lemma 11.7 [FOOQ2] and so is omitted. 
From the classification results, Prop. |9.4| (5), we know the one point orbifold 
disc invariants. 

Lemma 12.6. For |p| = 1, we have 

(R , Jo i/p(l)^a 
[1 i/p(l) = a 

Lemma 12.7. For r e H 1 (L(u);A + ), /? e H 2 (X,L;Z), and p € Map(l,B) satis- 



fying the dimension condition ( 12. 241), we /iawe 



q A , )fc (if(p); r, . . . , r) = ( r ( 9/3 ))* . PU([i(t,)] 



Note that (12.241 is needed to have non-zero value by dimension counting. The 



calculation is the same as that of Lemma and omitted 



From this calculation, as in Proposition 11.2 we have 

Proposition 12.8. We have the canonical inclusion 

(H®A+) x ^(Liu); A ) ^ M wea k,def(L(u)). 

Remark 12.6. We do not know how to extend above to H (§5 Aq. Namely, it 
is desirable in several cases to have a bulk insertion with energy zero, but it is 
hard to make it rigorously defined in the orbifold case. On the contrary, for toric 
manifolds, bulk deformation can be extended over A for degree 2 classes of ambient 
symplectic manifold, because the related open Gromov-Witten invariants can be 
readily computed using divisor equation. 

We choose b € H ® A + and b € 7J 1 (L(u); Aq). Thus, we have a weak bounding 



cochain (b,b), and Definition 12.2 defines the bulk potential PO(b,b). If we set 



b = 0, we get PO(0, b) = PO(b), the smooth potential discussed in section 11.3 

Next, we describe the leading order bulk potential for toric orbifolds. Leading 
order bulk potential is a part of the full potential, and can be explicitly computed 
by the classification of basic (orbi)-discs. Furthermore, we show in the next section, 
that non-displaceability of a Lagrangian torus fiber can be obtained by studying 
the leading term equation, which will be derived from leading order bulk potential. 
Let us write 

b b sra ~t~ frorb 

where 

J b sm = YnLl b i D i b i ^ A + 

\ barb = Y.vdBox< \> V € A+ 

Recall that for each v a E Box' , we denoted the corresponding lattice vector as 

b„. 
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Definition 12.7. We define the leading order potential PO^ rb0 (b) as 

rn 

PO b orbfi (b) = £ r^fa)^ . . . (y n p« + KT*« iu) (yi) Kl ■ ■ ■ (y n ) Kn 

3=1 u a ^Box' 

(12.25) 

Note that the first summations are the leading order terms POo(b) of the smooth 
potential PO(b) and the second summations are contributions from Box'. More 
precisely, in the classification of holomorphic orbi-discs (Corollary |6.3[ ), we have 
found one-to-one correspondence between basic holomorphic orbi-disc (modulo Tr- 
action) and twisted sectors Box' of the toric orbifold. These basic orbi-disc contri- 
butions are the new terms in PO^ rb (6) — POo(b), since POo(b) are contributions 
from basic smooth holomorphic discs. 

We remark that for the case of toric manifolds in (FOOQ3] , leading order bulk 
potential POq(6) is the same as the leading order potential for the potential PO^(b) 
(without bulk), since every bulk contributions come from holomorphic discs (by 
adding interior marked points). But in our case of toric orbifolds, addition of b v 
allows holomorphic orbi-discs into the theory, and provides new terms in the leading 
order potential also. Hence it is quite different from the case of manifolds. 

It is important to note that the smooth potential POq is independent of b, but 
PO^ rb (b) depends on the choice of b v . In particular, we will see that the freedom to 
choose this coefficient b„ allows us to find much more non-displaceable Lagrangian 
torus fibers in toric orbifolds. 

In our applications ( in the next section and in examples), we will choose simpler 
type of bulk deformations as b„ = c v T x " for some c„ £ C and A„ > 0, but in general, 
one can work with more general cases. In fact, we may define leading order potential 
by just taking the term of b v with the smallest T-exponent for each as it will 
give rise to the same leading term equation later on. 

To discuss the general form of the bulk potential, we need a notion of G- 
gappedness for a discrete monoid G, which we refer readers to Definition 3.3 of 
|FOOQ3] . The discrete monoid G in this setting is defined as in |FOOQ3j . 

G{X) = ({uj(/3)/2tt I f3 e tt 2 (X) is realized by a holomorphic sphere}). (12.26) 

The actual discrete monoid to be used, Gbuik will be defined defined in Definition 



13.2 and G(X) is a subset of Gbuik- 

We discuss the general form of the bulk potential for toric orbifolds, roughly 
given by the leading order bulk potential with additional higher order terms. 

Theorem 12.9 (c.f. |FOOQ3j Theorem 3.5). Let X be a compact symplectic toric 
orbifold and let b € H(A + ) be a Gbuik~go,pped element. Then the difference of the 
bulk orbipotential and its leading order potential can be written as follows. 

oo 

PO(b;b) PO b orbfi (b) = Y,^ 1 ■ ■■y> n T l '°+ p °, (12.27) 

(T=l 

for some c a £ Q, e l a £ Z> , p a E G bu ik and p a > 0, such that J2f=i e a > 0- Here 

B B 

< fc = E e ^> c = E e ^- ( 12 - 28 ) 
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If we have infinitely many non-zero c a 's, we have 

lim p<7 — oo. 



(12.29) 



Proof. The proof is in the same line as that of [F0003 theorem 3.5. Let b — 
J2a=i ^alla with b a £ A + , where b a is Gb^fc-gapped. Note that c(f3 : p) determines 
I^jIpI ,fe (^(p) ; b, ■ •■,&) from the formula (12.7). Hence, proceeding as in (11.14) we 
obtain that 

PO{b-b) = b p r w( ' 9)/2 "^y(6(d/3))' c (12.30) 

= En bPr(W2 " c (^p) ex P( 6 (^)- ( 12 - 31 ) 

/3,P |P| 

Now, we consider the cases of |p| = 0, 1 or |p| > 2. If |p| = 0, there is no interior 
marked point, and hence there is no orbifold disc contributions. The statement in 



this case follows from (11.13). 

When |p| = 1, the case that the interior marked point is smooth is similar 
to the case of smooth manifold, and it is enough to consider the case that the 
interior marked point is orbifold marked point. In this case, additional orbi-disc 
contributions for basic orbi-disc classes are computed from Lemma [l2.6| For other 



homology classes, the statement follows from Prop. 9.4 

We next study terms for |p| > 2. We first consider the case /3 
1, • • • , B. In this case we obtain the following term 

cT ta(u) + Py b a ^ 



/3 Q for a 



(12.32) 



where c £ Q and p is obtained by summing over the exponents of b p (j) for various 
j. As I 7^ and b p (j) £ A+, this is non-zero. Hence p £ Gbuik \ {0}. Therefore the 



form of (12.32) equals the right hand side of (12.27). 

Now, we consider ^ f3 a (a = 1,..,,B). We may assume that c(/?;p) ^ 0. 
Then by Proposition 9.4 (4) we have e 1 and p satisfying 



2tt 



= £eX(u) 



p. 



a=l 



Here e a £ Z>o and e<1 > ancl p is from a sum of symplectic areas of holomorphic 
spheres ( divided by 2tt). Hence these gives rise to an expression 

where c £ Q and p' is obtained by summing over the exponents of b p (j) for various 
j. This form agrees with the right hand side of (12.27). 



The proof of ( 12.29 ) is based on the idea that to have infinitely many terms, either 



infinitely many bulk insertions contributing to the potential, or the contribution of 
energy from the sphere component should go to infinity, and the proof is the similar 
to that of }FOQ03] . and omitted. □ 



Theorem 11.4 Theorem 1 1 1 . 5| can be easily generalized into bulk setting. 
Theorem 12.10. 



and b £ H(A + ). Theorem 11. 4\ and Theorem 

(L(u),(b,b)) 



Let b = Y x i e 

11.5 holds in the bulk case too by replacing PO, (L(u),b) with PO 
respectively. 
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The proof is analogous to 1 ()( )( )'■'>] and omitted. We also remark that the above 
can be extended to the following general form as in |FOOQ3| : If (b, b) satisfies 

dPO u 

Oi— 5 (M) = modT^, (12.33) 

then we have 

HF((L(u ), b, b), (L(«o), b, b);A /T^) = H(T n ; A Q /T^). (12.34) 
13. Leading term equation and bulk deformation 



From the theorem 12.10 if the (bulk) potential function is known, then Floer 
cohomology is determined by considering the critical points of the potential func- 
tion. But for toric orbifolds, the full bulk potential is very difficult to compute even 
for Fano orbifolds. For toric manifolds, recall that the notion of leading term equa- 
tion was introduced in section 4 of |FOO0 3j. so that one can determine the Floer 
cohomology only from the knowledge of leading order potential, which is explicitly 
calculable. Namely, given the solutions of leading term equations, they show that 
there exist a bulk deformation b such that potential PO(b, b) has an actual critical 
point. The bulk-balanced Lagrangian fibers can be located in this method. 

In this section, we define leading term equation for toric orbifolds. The con- 
struction is similar to that of section 4 of [F0003 . Instead of repeating their 
construction, we make our construction in the same form as that of |FOOQ3] , so 
that once we prove the Proposition 1 1 3 . 1 1 in this paper, which play the role of Propo- 
sition 4.14 of F0003 , the rest of construction, which is rather long, becomes the 
same and can be omitted. 

Note that leading term equations are determined from leading order equation 



(defined in definition 12.7), and for toric orbifolds, they depends on b u . Thus, the 
crucial difference from |FOOQ3| is that [FOOQ3) deals with leading term equation 
of POo{b) (which is independent of b) whereas we deal with that of PO^ rb , where 
the latter depends on the choice of borb- 



We first set up some notations. Recall from (1.1 1 that bulk deformation terms 
corresponding to twisted sectors are 

borb = ^ b v lx„ 

and we denote 

K = b v , + b v<+ , (13.1) 
where and b„o = c„T A " for some c„eC and X u > and b v + satisfies t)T(b„+) > 

K. 

To define leading term equation in our case, we fix u £ P, and bulk deformation 
b as above. We start with relabeling the indices a = 1, ••• ,B. Recall that for 
1 < a < to, b a £ N is the stacky vector corresponding to a-th facet of the polytope, 
and l a is the symplectic area of the corresponding basic disc (intersecting that 
facet). For m + 1 < a < B, a labels elements of Box' , corresponding to the lattice 



vector b a in N, and the area of the corresponding basic orbi-disc is £ a (see 7.1 for 
t a in this case). 

We compare the areas £ a for a = 1, • • • , m and £ a + \ Ua for a = m + 1, • • • , B, 
because the orbi-disc for Uj has an additional energy coming from b u . o = c v T^"o . 
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We enumerate energy levels as 

{Si | l = l ) 2,...,£} = {£ i (u) ) £ j (u) + \ Vj | i = l,2,...,m,j = m + l,--- ,B}, 

(13.2) 

so that S*i < Si+i and 5, € K+. Note that these are the exponents of T of the terms 
in PO b rb q. The indices of fo^'s can be re-enumerated: We denote . . . , fy. a (Z)} 
for all bfc's satisfying 

£k(u) = Si,k < m, or, £ k (u) + \„ k = Si,k > m. 

By the following procedure, we determine an optimal energy level (so that b a 
is with smaller or equal T-exponent spans N]g). We denote the K- vector space 
generated by by ^ r for I' < I, r = 1, • • • ,a(l') as C Nr. The smallest integer 
Z such that Aj- = Nr is denoted as K. The difference of the dimension of A/-, 
and Af-_ x is denoted as d(l) and we set d(l) to be the dimension oiA^. Then, 

HiLi d(l) = n. We will only consider I < K for 6; ir . 

To relate to the original indices, integer i(l, r) £ {1, . . . , B} are defined by 6; r = 
^i(i,r)- We renumber the set of bj's for i = 1, • • ■ B as 

{6 ; , r |/ = 1,--- ,A*,r = I,-- - ,o(0}U{6< |i = /C+l,...,fl} 

where /C is given by K, = ~^2d=i a (0- 

The rest of the procedure to define leading term equation is similar to that of 
}FOOQ2j section 4, and hence we only briefly sketch the construction. Now, at 
each energy level Si, the vectors , b/, a (i) may not be linearly dependent 

(if a(l) d(l)), and the next procedure chooses a suitable basis of the subspace 
spanned by these vectors. We denote the dual basis of of i? 1 (L(w);Z) = M 
by e*, which becomes basis of Nr. Then, basis e ; * s of Nr can be chosen so that 
ej jl} .. . , e* d ^ becomes a Q-basis of Af- and also that all lattice vectors of Af- is 
given as a integer linear combination of e ; * s 's. In particular e* can be written as a 
integer linear combination of e ; * s 's. 

By considering e* and s as functions on Mr, we may write them as Xi and 
xi^ s , and define y^ s as e Xl - s . Then, yi is given as a monomial of yi^s and hence so 
is y bl - (see Lemma 13.1 |FOQ03j V 

In this way, we can define T Sl part of the potential PO b rb : 

a(l) a(l) 
(PO b orb . )i = £ ybl r + E ^ci.r ) W b, - r . for / = 1, . . . , (13.3) 

r— l,i(Z,r)<m r— l,i(Z,r)>m 



where c^., , is given in (13.1 1. Then, (PO b rb0 )i can be written as a Laurent 



polynomial of yi iS with s < d{l') and < L 

Definition 13.1. The leading term equation of PO b orb ( or that of PO b (b)) is the 
system of equations 

d ( p Oorb,o)i = Q ^ for f=1 ^ a = l,...,d(0 (13.4) 
with J/; )S G i?\{0}. 

Note that we only take derivatives of (PO b rb )i with respect to the variables yi jS 
for s = 1, . . . , but not with respect to the variables for Z' < /. 



LAGRANGIAN FLOER THEORY FOR TORIC ORBIFOLDS 



57 



In view of Theorem |12.10| we need critical points of the actual bulk potential 



PO ' (b), but the solutions of leading term equation (13.4), equals that of PO (b) 



from the Lemma 4.4 of |FOOQ3j . (The solutions of equation Vk^-§^^- = corre- 
spondes to the solutions of equation yi,s dP ^ t ^ = by Lemma 4.2 of (FOOOj V 



The following proposition 13.1 on the shape of bulk orbi-potential, is analogous 



to Proposition 4.14 of [F0003 . We first define the monoid Gbuik- Recall the 



definition of G(X) from (12.26). We define 



G(L(u)) — ({ui(f3) /2ir \ (3 e H2(X, L(u)) is from that of a holomorphic orbi-disc}). 

(13.5) 

Definition 13.2. Gbuik is a discrete submonoid of K which is generated by G(X) 
and the subset 

{A - Si | A > Si, A e G(L(u)), I = 1, . . . ,K, } c K+. 
Note that that G(L(u)) C Gbuik- 
Conditions 13.3. Bulk deformation b is of the form 

K a(l) 

b = J2J2 b W>r) H id,r) e#(A+) (13.6) 
1=1 r=l 

such that each bj(; >r ) is G& u ;fc-gapped. Here bj(z. r ) means b Vi(l r) in case i(l,r) > m. 

The main proposition to prove in our orbifold case is the following. 
Proposition 13.1 (c.f. Proposition 4.14 [F0003 ). Assume that b satisfies Con- 



dition (13.3) and consider 

b' = b + cT x H l{Lr) , (13.7) 

for c € R, A e G btl ; fe + b„. (! r) , , I < K. 

Then the difference of the corresponding bulk orbipotentials is given as 

oo 

PO b '{b)- PO b (b) = c T A +^.")(«y l(! .,) +J2c h T hX+i ^)My b w.r)(13.8) 

h=2 

oo 

+ E E c Ka T hX +^+P'y b " . (13.9) 

h=l <t 

Here Ch,Ch. a € i?, p CT € Gbuik and there exist e l a £ Z>o such that b a — ^e^bi, 
C a = ^2 e % cr&i and e % a > 0. ^4Zso in the third summand of right hand side of 



(13.8), the case that h — 1 and p a — 0, we have c^.a = 0. 



Remark 13.4. In Proposition 4.14 [FO OOj . the last assertion is not written, but 
is shown in their proof and it is needed in the induction for the theorem. 

Proof. We first remark that the proof in the toric orbifold case is somewhat different 
than that of toric manifolds. For toric manifolds, the bulk deformation contribution 
when b is from toric divisors are explicitly computable for the basic disc classes by 
homology arguments (similar to divisor equation), (see for example Proposition 4.7 
of |FOOQ3] . But, for toric orbifolds, such arguments does not work for basic disc 
classes, as there is no divisor type equation for orbifold marked points. But, as we 
will see, the proposition does not require this explicit computation. 
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The potential term has a contribution if the dimension satisfies (12.241 We will 
divide the contribution of 

PO b '(b)~PO b (b) (13.10) 

into the several cases, and subcases. First, we first argue with the number of 
interior marked points. Consider the terms corresponding to the case with no 
interior marked points. Then, as they do not see b, they give in (13.10). 

Next, the case of one interior marked point. Recall that one point orbifold 
Gromov-Witten invariant is computed in Lemma 12.6 and it is non-zero only if the 



disc class is of Pm^), in which case we get the first term of (13i 

Thus, from now on, we consider the case with two interior marked points or 
more. We remark that if the bulk insertion b is used in all of the interior insertions, 
then, obviously, such term contribute to (13.10). So we assume that at least one 
of the interior marked point is used for the insertion of T Hm t , 
three cases as follows. 



We divide it into 



(1) 



(2) 



(3) 



P — Pi(l,r)- 

We consider the following two subcases: 

All bulk inputs are T x Hi^ r y. In this case, it is easy to see that the 



(a) 
(b) 



:,r)- 

contribution is of 2nd term of RHS of ( |13.8 1 . 

Both bulk inputs T x H^i r ), and b are used at least once: In this case, 



with h>l, t' a (u) 



it contributes to the 3rd term of RHS of (13. 
£m, r \, and p a > since it receives non-trivial contribution from b. 
(3 equals the basic disc class /3 a for a =!,■■■ ,B, and a ^ i(l,r). 

All bulk inputs are T Hin r y. the possible contribution is of 3rd term 
of RHS of ( p^l ), with h>2, £' a (u) = £ a , and p a = 0. 
Both bulk inputs T*Hin r \, and b are used at least once: In this case, 
it contributes to the 3rd term of RHS of ( 13.8 1, with h > 1, l' a {u) = £ a , 



(a) 
(b) 



and p a > since it receives non-trivial contribution from b. 



P ^ I3 a for = 1, 
We may write 



,B. 



B 

£« 



3 



then we have 



"><J3) 
2ir 



2tt 



exp(b(d/3)) 



We have e 1 > and ejj > 0. Thus the contributions belong to the third 
term of ( 13.8 ) with £' a (u) = ^ e % glj,{u) and p a is the sum of the contribution 
from the sphere class oj(ap^) together with contributions from b. Now we 
consider the following subcases: 

All bulk inputs are T Hm _ r y. the possible contribution is of 3rd term 
of RHS of (13.8), with h>2, £' a (u) and p a as described above. 

and b are used at least once: in this case, 



(a) 

(b) Both bulk inputs T x H l ( hr 



it contributes to the 3rd term of RHS of ( 13.8 1, with h > 1, £' a {u) and 
p (j as described above, and we have p a > since it receives non-trivial 
contribution from b. 



LAGRANGIAN FLOER THEORY FOR TORIC ORBIFOLDS 



.59 



This proves the proposition. 



□ 



For convenience, given b as in (1.1), (13.1), we denote (by taking the least 
exponent terms) 



■>orb,0 — 



The leading order equation of PO b orh only depend on b 



rb,0 



not the whole b r 



and so does its leading term equation. 

Theorem 13.2 (c.f. Theorem 4.5 lFOOQ3j ). The following conditions on u are 
equivalent: 

(1) The leading term equation of PO b rb (it) has a solution yi >s € R \ {0} (I — 
l,...,K,s = l,...,d(l)). 

(2) There exists b £ H(A + ) such that b or bfi = b or tfi & n d PO b (u) has a critical 
point on (Ao \ A + ) n . 

(3) There exists b £ H(A + ) such that b rb,o = Ew&.o an d yi, s £ R \ {0} (I = 
1, . . . , K, s = 1, . . . , d(l)) in the item (1) above is a critical point of PO b (u). 



Proof of Theorem \13.S\ We have set up our case in the similar form to that of 
[FOOD 3] so that the same proof of Theorem 4.5 F0003 should work in our case 



too, as we have proved Proposition 13.1 which plays the role of Proposition 4.14 



of |FOOQ3] . We refer readers to [F0003 for its full proof and briefly explain the 



rest of the procedure to prove Theorem 13.2 The argument is exactly the same, 
except the point regarding b or bfl- 

Given a solution m -s of the leading term equation, we need to find b such that 
n tS satisfies the actual critical point equation: 



dPO b 

' dyi,s 



fa) = 0. 



(13.11) 



We first enumerate elements of Gbuik so that 



G bu i k = {\° | j =0,1,2...} 

where = X b < \\ < ■ ■ ■ . 

Then we define b inductively by choosing b(fc) for each k for the terms with 
energy Si + X b k (and also for 1<1<K.) (see Definition 4.15 of 1FQ0Q3| ) 



First, we take 



6(0) 



If the critical point equation ( 13.11 ) is satisfied up to the level k, then, we introduce 
the bulk deformation b(fc) to make the equation (13.11) satisfied up to level k + 1 
(see Proposition 4.18). 



In this process, the equation (13.11) is satisfied up to Si + X\, hence we need 



to kill the error terms with T-exponent Si + X b k+1 - This can be done by choosing 
appropriate b(k + 1), and using the Proposition 13.6 to cancel the error term with 
the first term of the RHS of (13.13). As two other terms of RHS of (13.13) has 
higher T-exponent, it does not introduce any other error terms on the level k + 1. 
Note that the we need to choose A of the proposition 13.6 so that A + ii(i. r )(u) 
equals Si + X b k+1 , but as Si equals ii(i t r)( u ) + Ai, i(i Hence, we choose A here to 
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be A^. +1 + A„ i(1 . . Thus, we still have that the leading term b or b : o is not changed 
and equals b or b,o- 

Then one takes the limit as k — > oo to define b such that the equation ( 13.11 ) is 
satisfied. We refer readers to section 4 of [F0003 for details. □ 



14. Floer homology of Lagrangian intersections in toric orbifolds 

So far, we have discussed the Bott-Morse version of Floer cohomology of La- 
grangian submanifolds. In this section, we discuss the Lagrangian Floer cohomol- 
ogy between two Lagrangian submanifolds L and tpi (L) , for a Hamiltonian isotopy 
ipi, and its relationship to Aoo-algebra and bulk deformed ^loo-algebra which are 
constructed in the previous sections. We note that the Lagrangian submanifold L 
lies in the smooth part of the orbifold X. 

There are two versions of Floer cohomology of Lagrangian intersections, as we 
have two versions of Aoo-algebras. Namely, there is a smooth Lagrangian Floer co- 
homology where we consider J-holomorphic strips and discs from a smooth domain. 
Here smooth domain means that it is not an orbifold domain, and smooth domains 
thus include nodal (smooth) Riemann surfaces. We emphasize that the maps from 
the smooth domain can intersect orbifold points, as we have seen in the case of 
smooth holomorphic discs corresponding to stacky vectors fo; for i = 1, • • • , m. 

And there is a version, which includes orbifold J-holomorphic strips and discs, 
which are maps from an orbifold domain. To denote the orbifold structure of the 
domain, we have introduced orbifold marked points in the interior of the Riemann 
surface, and their deformation theory is entirely analogous to that of a Riemann 
surface with interior marked points. 

Namely, orbifold marked points cannot disappear, created, nor combined when 
we consider sequences of orbifold J-holomorphic maps of a given type. Thus, when 
we consider only maps from smooth domains (into an orbifold), a degeneration 
which appear in the compactification of the moduli spaces of such maps is still 
from a smooth domain. Hence, we have a smooth Floer theory for orbifolds. Such 
theory still is non-trivial. Namely, we show in subsection |15.2[ that smooth Floer 
theory finds a central fiber to be non-displaceable in weighted projective spaces. 

But, Lagrangian Floer theory involving orbifold strips and discs provide much 
more information as we will see in several examples (actually the example of a 
teardrop already shows such phenomenon). But to have an orbifold structure in 
the domain strip or disc, we need an orbifold marked point to record the orbifold 
structure of the domain. Hence this always requires interior marked points, and 
hence they appear as a bulk deformation theory of the smooth theory. 

14.1. Smooth Lagrangian Floer homology. First, we consider Hamiltonian 
vector fields in an effective orbifold X. By definition, a smooth function H : X — > 
1 is a function H : X — > R, which locally has its lifting Hy := H o ir in any 
uniformizing chart (V, G, tt) such that Hy is smooth. Note that Hy is invariant 
under G-action: Hy(g ■ x) = Hy(x). Hamiltonian vector field Xjj can be defined 
by ix^u — dH, and Xg is preserved by G-action because the symplectic form uj ( 
on the chart V) is also invariant. 

Hamiltonian isotopy ipf °f the flow Xjj is well-defined without much difficulty 
as we consider effective orbifolds: It is well-known that effective orbifolds can be 
always considered as a global quotient of a manifold, say M, by a compact Lie 
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group action, and one can use this presentation to define the flow of a vector field, 
by integrating the flow after pull-back to the manifold M. 

One can also consider time-dependent Hamiltonian functions (we still denote it 
by H for simplicity) , and define time-dependent Hamiltonian isotopy. The resulting 
Hamiltonian isotopies are regular (in the sense explained in the appendix), hence is 
a good map and the related group homomorphisms are isomorphisms as its inverse 
is also good. This implies the following simple lemma. 

Lemma 14.1. For any Hamiltonian isotopy ipt 1 > ^ e isotropy group of the point 
x and 4>t(x) are isomorphic. This in particular implies that by an Hamiltonian 
isotopy, smooth points always move to smooth points of an orbifold. 

In particular, for our Lagrangian torus fiber, which lies away from the singular 
set YjX of toric orbifold X, ip^ (L) also does not intersect T,X. 

For smooth Lagrangian Floer theory, we only consider J-holomorphic strips and 
discs (not orbifold ones). We may additionally consider smooth interior marked 
points to consider smooth bulk deformations, but we will not consider interior 
marked points here. 

Lagrangian intersection Floer cohomology between L and tp^ 1 (L), is constructed 
from the Aoo-bimodule, and it is easy to see that the construction of such an Aqc- 
bimodule for the smooth Floer theory in our toric orbifold case is entirely analogous 
to that of jFOOOj andF0002 (particularly because we do not consider orbifold 
domains) . 

Instead of repeating details of the construction of [FOOO] and [F0002] to our 
case, we state the main result of the constructions. 

Theorem 14.2 (c.f. Theorem 3.7.21 |FOOO] , Theorem 15.1 |F0002j ). Let (L, L') 

be an arbitrary relatively spin pair of compact Lagrangian smooth submanifolds. 
Then the family {n kl k2 } of operators 



for k\,k2 > 0, define a left (C(L),m), and right (C(L'),m') filtered A^-bimodule 
structure on CiL^L'). 

The above includes the case of clean intersection also, and in the case of L = L' 
the maps n kuk2 is defined as n kl ,k 2 = rn kl+k2+1 . 

Now, let L, L' be weakly unobstructed. We define Sb,b' ■ C(L, L') — > C(L, L') by 



One can check that the equation 8b,b'5b.b' = holds if the potential functions agree 
PO(b) = PO(b'). In such a case, Floer cohomology is defined by 



Proposition 14.3 (c.f. Lemma 12.9 lF0002j . section 5.3 jFOOOj ). For the case 
of V = i[>(L), and b' = ip*b, we have 



B kl (C(L)[l]) § Ao C(L,L') § Ao B kl (C(L')[l]) -> C{L,L') 




HF((L, 6), (L 1 , b');A ) = Ker 5 b , v /\m5 b , v . 



HF((L, b), (L 1 , b');A) S HF((L, 6), (L, &); A) 



Here RHS was defined in ( 11.9| ). This implies the following theorem on non- 



displaccability 
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Theorem 14.4 (c.f. Theorem G jFOOOj ). Assume 6 bM od b , b > =0. Let ip : X -» X 

be a Hamiltonian diffeomorphism such that ip(L) is transversal to V . Then we have 

#(V>(£) n L') > vwak A HF((L, b), (L', &'); A). 

14.2. Bulk deformed Lagrangian Floer cohomology. Now, we consider J- 
holomorphic orbifold discs and strips, whose information gives rise to the bulk 
deformation of the smooth Lagrangian Floer theory for toric orbifolds. This is 
similar to the construction in section |12[ where we constructed bulk deformed 
Aoo-algebra from smooth A^-algebra by considering holomophic orbi-discs. As 
explained before, the bulk deformation here is a bit different from that of [FOOQ3] 
in that we considered bulk deformation by fundamental classes of twisted sectors. 
But the general formalism, and algebraic structures are the same. 

In fact, the construction of ^oo-bimodule for the bulk deformed Floer theory in 
our case is entirely analogous to that of |FOQ03j except the following issue of time 
dependent { J t }- holomorphic maps, which we first explain. 

Consider a transversal pair of Lagrangian submanifolds L and ip\{L), for a hamil- 
tonian isotopy ipt with (f>o = id. To define Lagrangian Floer cohomology between 
them, and to show invariance under another hamiltonian isotopies, one considers 
J-holomorphic strip of several kinds with Lagrangian boundary conditions. In gen- 
eral, one takes family of J's parametrized by the domain of the strip. For example, 
to define the differential of the Floer complex C(L, </>i(J)), one takes one parameter 
family of compatible almost complex structures J := {Jt}tg [o,i] such that Jo is the 
(almost) complex structure J of X , and J\ = </>*(J), and consider { J t }-holomorphic 
strips 

du T . du . 

Now, if the domain is an orbifold strip, namely it is M x [0, 1] with interior 
orbifold marked points , • • • , z ; + , then it is not obvious what it means to have 
^-holomorphic strip, since for orbifold J-holomorphic strips what is actually J- 
holomorphic is its local lifts. For orbifold discs, we use a fixed almost complex 
structure which is invariant under local group action, hence this does not cause 
any problem. But when we consider family of almost complex structures which are 
^-dependent, the coordinate t of the domain strip becomes complicated when we 
consider the branch covering near the marked points. 

We find that this issue actually does not cause much trouble since the lift sat- 
isfies ^'-holomorphic equation where J' is a family of compatible almost complex 
structures of X parametrized by a domain. We explain it in more detail as follows. 
Consider an orbifold point z + = (tq, to) E M x / with Z/fc orbifold structure. Holo- 
morphic structure near z + is given by the coordinate r + it (normalized so that 
at z + , t = t = 0), and we consider a local neighborhood U of z + , and a branch 
covering br : U — > U . Denote the coordinate of U as f + it and branch covering 
map is given by 

br(f + it) = (f + it) k . 

Then, ^-coordinate of br(f + it) is its imaginary part, Im(br(f + it)), which is a 
polynomial function of f and t. We define u : (M x [0,1], K x {0},E x {1}) 
(X,L,L f ) with interior orbifold marked points z^ to be an orbifold .J-holomorphic 
strip if it is ,7-holoniorphic away from orbifold marked points and at each orbifold 
marked point, with coordinate parametrized as above the local lift u satisfies 
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du du 

-q~ + Jl m (br(f+it))-Q^ = 

We denote J' = {J Im 

(br(f+it))} a family of compatible almost complex structure, 
parametrized by the domain U . The way to deal with domain dependent almost 
complex structure J' is also standard in Floer theory, and adds no additional diffi- 
culty in the construction of Kuranishi structures and moduli spaces. For example, 
already in |FO] . authors used such domain dependent case to prove Arnold con- 
jecture. Note that the dependence is smooth since Im{br(f + it)) is polynomial 
function. 

The rest of the details to construct the bulk deformed Aoo-bimodule is the same 
as that of section 8 of F0003J in our case, where they describe de Rham version 
of bulk deformed Lagrangian Floer homology of the pair (L,L') of Lagrangian 
submanifolds. We omit the details of the construction, and just state the results of 
such constructions. 

Let L(u) be a Lagrangian torus fiber, and let L' = ip(L(u)). Consider the 
bounding cochain (b,&), and (b,tp*b). 

Proposition 14.5 (c.f. F0003J Proposition 8.24). Lagrangian Floer cohomology 
between (L(u), (b,b)) and (ip(L(u)), (b, ip*b)) can be defined as in F0003 , and 
satisfies that 

HF((L(u), b, b), b, i>*b)] A) = HF((L{u), b, b), (L(u), b, b);A) 

Here the latter has been defined in Definition 112.31 

The notion of balanced, and bulk-balanced fibers can be defined in exactly the 
same way as in Definition 4.11 of |FOOQ2j . and Definition 3.17 of |FOQ03j , and 
we omit the details. 

The following proposition can be proved in the same way as in [F0003 . 

Proposition 14.6 (Proposition 3.19 F0003J). If L(u) C X is bulk- balanced, then 
L(u) is non-displaceable. Given a Hamiltonian diffeomorphism ip : X — > X such 
that ip(L(u)) is transversal to L{u), then we have 

#(L(u)mp(L(u)))>2 n . (14.1) 



15. Examples 

15.1. Tear drop orbifold. We first consider a tear drop orbifold P(l,a) for some 
positive integer a > 2 (see Figure [lj. The labelled polytope, corresponding to 
P(l,a), is given by the interval 

^=[--,1] 
a 

with label a on the vertex — = . 

a 

To find an associated fan and stacky vectors, recall that the polytope P is defined 
by (x, bj) > Xj for j = 1, 2. In this case we have the lattice N = Z, and 

bi = a,b 2 = -1, Ai = A 2 = -1. 

The stacky vectors bi and 6 2 generate two 1-dimensional cones G\ = R>o, o~2 = R<o 
of the fan S. 
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P(l, a) is given as the quotient orbifold C 2 \{0}/C* where C* acts by t-(zi, z^) = 
{tzi, t a z-i). The unique orbifold point is [0, 1] with isotropy group Z/a. Thus inertia 
components are labelled by Z/a. 

Box = \v{ \vi — i G Z/a for i = 1, • • • , a — 1}. 

We take u E ( — „i 1)> and consider the Lagrangian circle fiber L(u). 



The classification theorem (corollary 6.4) tells us that there are two smooth holo- 



morphic discs with Maslov index two of class /?i and f5% , corresponding to the stacky 
vectors b 1; b 2 - Explicitly, the holomorphic disc W\ : (D 2 ,dD 2 ) — > (P(l, a), L(u)) of 
class Pi is given by w\(z) = [cz, 1] for some constant c to make w\(dD 2 ) C (up 
to Awt(Z? 2 )). The image of W\ is an a- fold uniformizing cover of a neighborhood of 
the orbifold point [0, 1]. Holomorphic discs of /?2 classes are u^z) = [c, z]. 

The smooth potential function of P(l, a) thus has two terms corresponding these 
two smooth discs: 

PO(b) = PO{b) = T 1 -' 1 ^- 1 + T 1+au y a . 

To find a fiber L(u) with holonomy whose smooth Floer cohomology is non- 
vanishing, we find critical points of PO(b). If the T-exponents of the two terms 
of PO(b) is not equal, then PO(b) do not have non-trivial critical point, (since 
y = e x , it cannot be zero.) 

The areas of two smooth discs are the same, or, 1 — u = 1 + au, exactly when 
u = 0. Notice that u = is not at the center of the polytope P, since the smooth 
disc of class /3±, wraps around the orbifold point a times. 

In this case, the critical point equation becomes 

—y 2 + a y al = 

or, y a+1 =l/a which has solutions 



1 2irki 

y = ~^u= ex Py — tt) tor k = °> ' ' ' > a - 



Thus the fiber L(0) with flat line bundle of (non-unitary) holonomy as one of the 
above, has non-trivial Floer cohomology (see Figure [I]). 

Now, we consider bulk deformations by orbi-discs. From the classification theo- 
rem, we have a — 1 holomorphic orbi-discs corresponding to the elements of Box' (see 



Corollary 6.3). These correspond to holomorphic orbi-discs, wrapping around the 
orbifold points 1, ■ ■ • , a — 1 times. 

The leading order bulk potential PO\ rh can be explicitly written as 

PO b orbfi = T^y- 1 + T 1+au y a + ^ T k( - u+1 / a ^b„ k y k . 

k 

In this example, we can set b Vh = for k = 2, 3, • • • , a — 1 as b l , 1 is enough in 
this case. 

Note that 1 + au > l/a + u for all a > 2, where the former is the area of the 
smooth disc, and the latter is the area of the orbi-disc for v\. Hence the consider 
the leading term equation, it is enough to compare T-exponent (1 — tt) of the first 
term, with that of the bulk term (u + l/a). 

If (1 — u) > (u + l/a), or equivalently |(1 — ^) > u, then we take 

f, _ j,(l- u )-(A+u) 



LAGRANGIAN FLOER THEORY FOR TORIC ORBIFOLDS 



(55 



so that 

T i- U = T ±. +Ub ^ 
Then, leading term equation (with Si = 1 — u) is 

or y = ±1. Thus, the fiber L(u) with |(1 - i) > w has non-trivial Floer homology, 
and therefore non-displaceable by any Hamiltonian isotopy of P(l,a). The result 
holds even for u = -) by the standard limit argument, and thus, exactly half of 
the interval [— ^, 1] containing the image of the orbifold point, corresponds to non- 
displaceable circles in P(l, a) (see the Figure[T]for the region of non-displaceability) . 

15.2. Weighted projective space P(l, a\, ■■ ■ ,a n ). We consider the smooth Floer 
homology of weighted projective space P(l, a\, ■ ■ ■ , a n ) for positive integers a; € N, 
i = 1, • • • , n. The bulk deformed theories are much more complicated, and we will 
discuss several examples in more detail in later subsections. 

The polytope P for P(l, a±, ■ ■ ■ , a n ) is defined by 

n 

P = {(x 1: --- ,x n )\xj + l>0,j = 1,--- ,n, -(j^o^) + 1 > 0} (15.1) 

i=i 

Here N = Z ra and we take bo = {~ a i, ■ • • j and = e, for z = 1, • • ■ , n. Then 
P(l,a 1; • • • ,a„) is obtained as a quotient orbifold of C n+1 \ {0}/S 1 where circle 
acts with weight (1, a\, ■ ■ ■ , a n ). 

There are n + 1 smooth holomorphic discs corresponding to stacky vectors 
bo, • • • , b„ whose homology classes are denoted as /?o, • • • , /3 n - 

Thus the smooth potential PO(b) = PO(b) is 

PO(b) = T 1 -^ ai 1 an + T^ +1 m + ■■■ T u " +1 y n . 

Vl ■■■Vn 

The only non-trivial critical points can occur only when all the exponents of T 
are the same, and hence u — 0. i.e. the central fiber u — admits n + 1 smooth 
holomorphic discs of Maslov index two with the same area 

e ( u ) = ■ ■ ■ = e n (u) = i. 

This is an analog of Clifford torus in projective spaces. 

In this case the critical point equations ^-PO(6) u= o = for all i have a solution: 
^r^r = | or w = a,A with A given as A = (a? 1 • . . a «n)i/(i-»i— -«„). 

Proposition 15.1. The central fiber L(0) in the above weighted projective space 
P(l, ai, • • • , a n ) with holonomy a^A as above, has non-trivial smooth Floer cohomol- 
ogy. Thus L(0) is non-displaceable by any Hamiltonian isotopy. 

15.3. Bulk Floer homology for P(l, a, a). Consider the space P(l,a, a) for a 
positive integer a > 2. We explain how to use bulk deformation to detect non- 
displaceable torus fibers. 

The labelled polytope is the same as given in |15.1[ where the facet corresponding 
to bo (to which bo is normal) has a label a on it. The whole divisor corresponding 
to bo has an isotropy group Z/a. It is not hard to check that 

k 

Box' = {vk := — b Q I k = 1, • • • , a — 1}. 
a 
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The smooth potential PO(b) is given by 

PO(b) = T x - aUl - au *— +T Ul+1 Vl +T U2+1 y 2 . 
V1V2 

We may take 

b Vl =T a , b Vk =0forfc^l, 

for some a > 0. Then, leading order bulk potential (with the above choice of bulk 
deformation) becomes 

PO b orb o = PO(b) + T a T^ Ul - U2 —. 

1/12/2 

Now, we try to find a such that leading term equation of PO^ rb (which depends 
on a) has a non-trivial solution. The idea is that on a given energy level, say Si, if 
the vectors b's corresponding to energy Si spans d(l) dimensional space, then, we 
need at least d(l) + 1 number of vectors b's to have a non-trivial solution of the 
leading term equation of level Si. In our case, we need at least three vectors of b's 
correspond to the minimal energy level Si. 

As the area of the basic disc corresponding to bo is a times bigger than that of 
fx, and as PO b orh has only four terms, the three terms excluding that of bo should 
have the same T-exponent in order to have a non-trivial solution of leading term 
equation, 

Thus basic discs corresponding to b\ and b 2 should have the same area, which 
then equals to the sum of a and the area of the v\ orbi-disc. 



l X = l 2 = OL + t v 



This implies that we have 



which gives 



1 

1 + ui = 1 + u 2 = ui — u 2 + a, 

a 

ui=u 2l u 1 = \{a+- - I). (15.2) 
6 a 

Also, we need to require that the area of bo is bigger than that of bi or b 2 . Thus, 
we have 

1 — aui — au 2 > 1 + Mi. 
With the condition that u\ = u 2 , we have u\ <0,u 2 < 0. Since a > 0, 

1 - a 

Ul = u 2 > 



3a 

Thus, for (ui,u 2 ) lying on the line segment, connecting (0,0) and (^p, ) 

Indeed for a fixed (ui,u 2 ) in the line segment above, we choose a to satisfy 
(15.2), then the leading term equation (with the minimal energy S\ = 1 + ui) is 
nothing but 

1 

h Vi + V2 = 0. 

It is easy to check that this equation has a non-trivial critical points, which describes 
the (non- unitary) holonomies to be put on the Lagrangian torus fiber at (tti, u 2 ) so 
that the resulting Floer cohomology is non-trivial and isomorphic to the singular 
cohomology of the torus from the Theorem |13.2| and Theorem |12.10| 
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Figure 2. Orbifold P(l, 2, 2) 

15.4. Bulk Floer homology for P(l, 1, a). Now, we discuss the case of P(l, 1, a) 
for a positive integer a > 3. The corresponding moment polytope is shown in Figure 
O The elements of Box' is 

k k 

Box' = {v k := -b + -bi = (0, -k) I k = 1, • • • , a - 1}. 

a a 




Figure 3. Orbifold P(l, 1, a) 



The smooth potential PO(b) is given by 

PO{b) = T 1 -^-^ 2 — + T Ul+1 Vl + T U2+1 y 2 . 

yiv5 

We take 

b Vl =T a , b Uk =0forfc^l, 

for some a > 0. Since 

112 

e vi = -4 + = - - «2 
a a a 

Then, the leading order potential with the above choice of bulk deformations be- 
come: 

p O b O rb0 = PO(b) + T a T^- U2 — . 

V2 
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And we try to find a which makes PO b orb to have a solution in its leading term 
equation. Note that v\ and 62 are in the opposite direction. 

As in the previous example, we need three terms of PO b orb to have the same 
T-exponent. The case when £0 = £\ = tii we get a solution in the Proposition [TO] 
One can check that the remaining case with non-trivial solution of leading term 
equation is the case that £q = l\ — l v + a. ( other cases, contains both V\ and 62 
and the corresponding leading term equation do not have a solution, as U\, and 62 
are linearly dependent). 

This implies that we have 

2 

1 + Mi = 1 — Ui — au 2 = u 2 + a, 

a 

which gives 

112 = — u%,ui = —l + a -. (15.3) 

a a — 2 

Also, we need to require that l\ < £2- Thus, u% <u 2 - This implies that u\ < and 

u-2 > 0. Thus, (u\,U2) lies in the interior of the line segment connecting (— 1,2/a) 

and (0, 0) as drawn in Figure [3j It is not hard to check that the corresponding 

leading term equation has a solution in such a case. 

Remark 15.1. It is shown in |WW| Example 4.9 that in the case of a = 2, 
the analogous line segment is also the location of non-displaceable torus fibers. 
But unfortunately, we do not know how to prove it using our methods. This is 
because that computations, orbifold bulk deformation term with energy zero is 
needed for a = 2, which is not possible due to infinite sums in the definition of bulk 
deformation. We leave it for future research. 

15.5. Bulk Floer homology for P(l, 3, 5). The example P(l, 3, 5) has been found 
to be very interesting example recently, see [M] , and also in |WW| and |ABM| . We 
show that the torus fibers which are inverse images of points in the colored region 
in the polytope (in Figure [4| are non-displaceable by Hamiltonian isotopy in our 
methods. 




Figure 4. Orbifold P(l, 3, 5) 
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As the shape indicates, we need a little detailed analysis on comparing the sizes 
of the areas of holomorphic discs and orbi-discs. 

First we identify elements of Box'. We find that from bo an d &i, 



= i& + §6i= (0,-1) 
= §& + i6i= (-1,-2) 



From 6o and &2, we have 



v z =|6 + |6i= (-1,-3) 
^4 =|6 + |6i= (-2,-4) 



^5 



ib + l&i= (-1,-1) 



is 6 =|6 + i6i= (-2,-3) 
The areas of holomorphic discs and orbi-discs are 

£o — 1 — 3ui — 5ii2, t\ = 1 + u%, £2 = 1 + U2 

d = jUo + ^4 = g - "2, C 2 = I - - 2u 2 

The areas £y 3 , ■ ■ • , ^ 6 can be computed similarly. 

Near the vertex (—1,4/5) of the moment triangle in Figure |4j the areas of the 
following (orbi)discs (depending on the position u G P), 

£n fi f f P f 

are smaller than others, and could give relevant terms in the leading term equation. 

As it is two dimensional, we would like to have triple of them to have same 
energy S\. Although the symplectic area is already fixed, we could add bulk 
deformation term b Vi to i Vi suitably to increase the energy level. Thus if £q is not 
equal to l\, we need two other orbi-discs to make the triple, and for this we need 
them to have smaller symplectic areas. 

More precisely, we proceed as follows. First, we consider the region where £q or 
£\ is smaller than £2- This implies that 

£ Q < £ 2 ^ u 2 > -Ux/2, t 1 <£ 2 ^u 2 > u-l. 

We divide it further into three cases: 

(1) £0 < £1, or u\ > — 4^2/5: to have at least three terms of least energy, we 
need 

£ Vl < £ and 4 2 < £ . (15.4) 

The first inequality gives 3m 1 + 4it2 < 1/5 and the second inequality gives 
2ui + 3^2 < 2/5. If this happens, we can add bulk deformation 

which will make bo, b Vl , fo„ 2 to contribute to the leading term equation of 
POg rb of the same energy Si . We note that the first inequality implies 
the second inequality for the points in P, hence, for the region bounded by 

4«2 1 Ui 

Ui> — , 3wi+4u 2 <-, u 2 > - — , 

we can choose bulk deformation as above, so that the corresponding leading 
term equation has a solution. 
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(2) £ > l\ or u\ < — 4u 2 /5: to have at least three terms of least energy, we 
need 

i Vl < £ 1 &nd£„ 2 < 4. (15.5) 

Both equation translates to the inequality u\ + u 2 > —1/5. Thus, in the 
region 

ui < — , u\ + u 2 > i5, u 2 > ui, 

5 

we can choose bulk deformation as 

so that the corresponding leading term equation has a solution. 

(3) £0 = £\- similarly, we obtain that the line segment u\ — —^-,u\ < 
supports bulk deformation, whose leading term equation has a solution, 
which we leave as an exercise. 

The above do not cover the whole colored region of the Figure [4] The rest of the 
region, which is not covered is the triangle A formed by three points 

(-1/10,-1/10), (0,0), (1/5, -1/10). 

For this region, the leading term equation involves two equations of two energy 
level Si, S 2 . Note that the vectors b 2 = (0,1) and b Vl — (0,-1) are opposite to 
each other. So in A, £ 2 is smaller than £\ and £$, and hence we take 

This makes the terms corresponding to 61 and b Vl contribute to the leading term 
equation of energy level S\ — £ 2 . Now, for the next level 52, we have terms from 
61 , and b„ 2 , we again have a solution for S 2 energy level leading term equation. We 
leave the detailed check tot he readers. 

We remark that for the line segment from (1/5,-1/10) to (2,-1), it is known 
by I WW] to be non-displaceable, but our methods cannot prove it yet as in Re- 
mar IQITTJ 

15.6. Polytope with nontrivial integer labels. 

Proposition 15.2. If P is compact rational simple polytope with m facets, and if 
the integer labels, C\ , • • • , c m for facets satisfy 

c-i > 2 for all i = 1, ■ • • , m, 

then for any u G Int(P), L{u) is non-displaceable. 

Proof. The first proof is due to Kaoru Ono, who have provided this alternative 
proof after the first authors gave a talk on this paper and this proposition. 

Here is the first proof. As all facets have non-trivial integer labels, points in 
any toric divisors are not smooth points. Take a torus fiber L(u) for any interior 
point u £ Int(P). If L(u) is displaceable by Hamiltonian isotopy ip± , i.e. L(u) n 
ipi (L(u)) = 0, then we can modify H so that its support lies in Int(P), and 
satisfy the above displacing property as Hamiltonian isotopy sends smooth points 
to smooth points. But this is a contradiction, since Lagrangian torus fibers in 
(C*) n are not displaceable by any compactly supported Hamiltonian isotopy. As a 
symplectic manifold, the inverse image L of Int(P) is symplectically embedded in 
T*T n . Then a T"-orbit is considered as the graph of a T"-invariant 1-form r\ on T™, 
which is closed, embedded in T*T n . By a symplectomorphism, which comes from 
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the fiberwise addition of —77, we may assume that the T"-orbit is the zero section 
of T*T n . The non-displaceability of the zero section in the cotangent bundle is a 
well-known. 

The second proof is by using the bulk deformation. Let bi be a stacky vector 
corresponding to the i-th facet. We take v$ to be the minimal integral vector in the 
direction of bi such that bi = c^. We consider bulk deformations b Vi — —CiT li ~ l "i 
for each i = 1, • • • , m. Then corresponding leading term potential PO orh becomes 

m 

J2T e '(y b '-c iy b ^) : (15.6) 

i=l 

since each contribution of b Ui is chosen to match with the term of the potential 
corresponding to bi. For generic u, we may assume that all the areas li are distinct. 
Then , the leading term equation is the critical point equation of each summand of 
up to dimension of P. By denoting yi = y bvi , the summand equals yf l — Ciyi, 



15.6 



and clearly has a non-trivial critical point yi = 1. This shows that generic u € 
Int(P) is non-displaceable. But by the standard limit argument, this implies that 
L(u) is non-displaceable for all u £ Int(P). □ 



16. Appendix: Preliminaries on orbifold maps 

In this appendix, we recall definitions regarding maps between orbifolds following 
jCRj . |CR2) with the condition that the domain orbifold may have a nontrivial 
smooth boundary. 

Let X be a differentiable (C°°) orbifold with boundary and let X be its under- 
lying topological space. In applications we will often deal with the case when X is 
an orbifold Riemann surface with smooth boundary (i.e. orbifold singularity lies in 
the interior). 

An uniformizing system for an open connected set U C X is a triple (V, G, tt) 
where V is a smooth connected manifold with boundary dV (which may be empty), 
G is a finite group acting smoothly on V (preserving dV) , and tt : V — » U 
is a continuous map that induces a homeomorphism between V/G and U. The 
orbifold analogue of inclusion of open sets in manifolds, is the notion of injection 
of uniformizing charts. 

Definition 16.1. Let i : U ^ !7' be an inclusion of open sets uniformized by 
(V,G,n) and (V',G',n') respectively. An injection (<p,p) : (V,G,tt) (V',G',Tt') 
consists of an injective group homomorphism p : G — > G' and a p-equivariant open 
embedding <f> : V — > V 1 such that 

(1) i o 7r = tt' o cj) and 

(2) p induces an isomorphism kcrG — > kerG" where kerG := {g € G : g ■ x — 
x for all x G V}. 

If ker G is trivial for every uniformizing system, the orbifold is called effective or 
reduced. 

An injection (0, p) is an isomorphism of uniformizing systems if there exists 
an inverse injection. An important fact is that given an automorphism (<p, p) of 
an uniformizing system (V, G, tt) of open set U C X in a G°° orbifold X (with 
boundary), there exists an element g £ G such that <t>[x) — gx and p(h) — ghg~ x , 
see Lemma 2.11 of MM]. This correspondence is one-to-one if kerG is trivial. 
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Definition 16.2. A compatible cover of an open set Y in an orbifold X is an open 
cover U of Y together with an uniformizing system (V, G, ir) for each U eM and a 
collection of injections such that 

(1) If U C U' then there exists an injection (V, G, rr) -> (V, G', tt'). 

(2) For every p £ U\ f] ?7 2 , where ?7i, f/ 2 € there exists an U € W such that 

P ef/ci7in^2. 

Definition 16.3. Let A* and A" be orbifolds, possibly with boundary. Suppose 
U C A, U' C A' are open sets uniformized by (V, G, 77) and (V , G', 7r') respectively. 
Given a continuous map / : U — >• {/', a C l lift of / is a C l map / : V — > V"' satisfying 

(1) 7T 7 O / = / O 7T. 

(2) Given any g € G there exists a </ e G' such that /(.gx) = g f{x) for all 
a; e V. 

Note that the correspondence g — > </' is not required to be a group homomor- 
phism. 

Definition 16.4. Two lifts /• : (V^G;,^) -> (V?, G-, 7rQ, i = 1,2, arc isomor- 
phic if there are isomorphisms (0, p) : (Vi,Gi,77i) — > (V2,G 2 ,77 2 ) and (<fi',p') : 
(V?, Gi, Tri) (F 2 ', G 2 , tt 2 ) such that 0' o A - f 2 o 0. 

Let / : (V,G,ir) -> (V'.G'.tO be a G ; lift of / : £/ -> [/'. Let Wj W be open 
sets such that W <Z U and /(VT) C W C ?/'. Then / naturally induces a unique 
isomorphism class of lift for / : W — > W . 

Definition 16.5. Two lifts f t : (V^G^tt;) -> (V^G'^), i = 1, 2, of / : X -> X' 
over open sets t/i and t/2, are said to be equivalent at p e [/if|C/ 2 if they induce 
isomorphic lifts of / : £7 — > U' for some open sets U containing p and {/' containing 

/(P)- 

Definition 16.6. A local G z lift of / : A -> A' at a point p <= X is a C l lift 

/p : V p -> V }{p) , for some uniformizing systems (V p ,G p ,ir p ) and ( V f(p)> G 'f( P )' 7T 'f( P )) 
on open sets containing p and /(p) respectively. 

Definition 16.7. Let X and A 7 ' be orbifolds, possibly with boundary. Given a 
continuous map / : A — > A', a C' lift / : A — > A' of / is a choice of a local C l lift 
f p : V p — > ^y'(p) for each point such that / p is equivalent to f q for each q G f/ p . 

Example 16.8. Consider the orbifold C/Z 2 where Z 2 acts by reflection about the 
origin. Consider the holomorphic coordinates z on C and w = z 2 on C/Z 2 . Regard 
S 1 as M/2ttZ. Take the map / : S 1 -> C/Z 2 defined by to o = e* e . Consider 
the covering of S" 1 by the open sets U\ — (0, 27r) and C/ 2 = (—77,77). The lifts 
fj : Uj — >• C given by 

2o/ i («) = e w / 2 fori = 1,2, (16.1) 

define a G°° lift of /. 

Note that not every continuous map of underlying spaces admits a lift. As an 
example, the map h : C — > C/Z 2 defined byroo fe(t) = t, does not admit even a G° 
lift near the origin. 

Definition 16.9. Two lifts {f Pti : (V^, G Pii , 77 p ,;) -> (V^y, G p>i , Tr^.i)}, i = 
1, 2, of / are said to be equivalent if for each p <G A, f p \ and / Pi2 are equivalent at 
P- 
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Definition 16.10. A C l map of orbifolds f : X — > X' is a continuous map / : X — > 
X' of underlying spaces together with the equivalence class of a C l lift / of /. 

Now we recall the crucial notion of a good map |CR| . Chen and Ruan used the 
notion of compatible system to describe a good map. A compatible system roughly 
consists of compatible covers of the domain and range of the map by uniformizing 
charts, choice of lifts on each chart and some algebraic data for injections of charts 
that encode how the lifts fit together. This enables one to define the pull-back of 
an orbifold vector bundle with respect to a good map. The notion of good map 
is very closely related to the notions of strong map |MP| and orbifold morphism 
[ALR] , 

Definition 16.11. Let f : X — > X' be a C l map between orbifolds with boundary 
whose underlying continuous map is denoted by /. Suppose hi and hi' are compatible 
covers of X and an open set containing f(X) respectively satisfying the following 
conditions 

(1) There is a bijection between hi and W given by U ■<-> U' , such that f(U) C 
U', and U 2 C Ui implies U' 2 C U{. 

(2) There exists a collection of local C l lifts {f uw : (V,G,n) -> (V',G',n')} 
of / and an assignment of an injection X(i) : (V 2 ' , G' 2 ,tt 2 ) — > (V{, G\, n[) to 
every injection i : (V 2 , G 2 , ^2) — > (V\, G\, ni) such that 

(a) f Ul u[ °i = A(i) o f U2Ui 

(b) X(j o i) = A(j) o A(i) for each composition j o i of injections. 

(3) The C l lift of / defined by the collection {fuu'} is in the equivalence class 
corresponding to f . 

Then we say that {fuu' , ^} is a compatible system of f. 

Note that if X' is reduced, each automorphism jGGof (V, G, n) is assigned an 
automorphism X(g) e G' giving rise, by condition (2)(b), to a group homomorphism 
Xuu' '■ G — > G' with respect to which fuu' is equivariant. 

Definition 16.12. A C l map f : X — > X' is called a good C l map if it admits a 
compatible system. 

When an orbifold is reduced, it may be represented as the quotient of a manifold 
by the effective action of a compact Lie group by the so-called frame bundle trick. 
However a good map between X = Al/G and X' = N/H may not be represented 
by an equivariant map from M to N. This has to do with the fineness of the 
compatible cover of X used to define the good map. Indeed, a similar problem 
occurs for a good map from a manifold to an orbifold. For instance consider the 
C°° map S 1 — > C/Zp given by the lift t n- 1 1 ^. We need to use a suitable cover of 
S 1 to make sense of continuity of the lift. 

A good C°° map is what Chen and Ruan [CR] calls a good map. Not all orbifold 
maps admit a compatible system. See example 4.4.2a of |CR| . 

Chen and Ruan prove (cf. Lemma 4.4.6 and Remark 4.4.7 of |CRj ) that given 
two compatible systems £1 = {fi.uu 1 , a i '■ U €U,U' € U 1 }, and £2 = {f2.HR' ,a 2 '■ 
ReTl,R' e K'} for a C°° map f : X -> X' , there exist 

(1) common refinements W of U and 1Z, and W' of W and 1Z', that satisfy 



condition(l) of definition 16.11 



(2) compatible systems {fi,ww,^i} an d {f 2 ,ww,^ 2 }, where W £ W and 
W G W, for f induced by ^1 and £ 2 respectively. 
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Chcn-Ruan's proof actually works for any C map where / > 0. An important 
consequence of Lemma 4.4.6 of CRJ is that the compatible systems {fi,ww'>K} 
can be assumed to be geodesic compatible systems (see Definition 4.4.5 of jCRj ) . 
In particular, the open sets of W and W are images of the exponential map from 
some subset of the tangent space at some point in their interiors. This property is 
crucial to relate compatible systems with pull-back of vector bundles, especially the 
tangent bundle. This will continue to hold if X is an orbifold Riemann surface with 
smooth boundary, for appropriate choice of Riemannian metric on X . (The idea is 
to choose a Riemannian metric on the double y of X that agrees with a metric on 
the manifold Y away from a small neighborhood of the singular set. Then use the 
positivity of the injective radius of the metric on Y.) 

The following definition is equivalent to, but different from, the one in |CRj . 

Definition 16.13. Two compatible systems £i and £2 of a good C l map f are 
said to be isomorphic if there exist induced compatible systems {fi,ww'j ^1} an d 
{f2,ww>, A2} corresponding to £1 and £2 respectively, and an automorphism Sy of 
the uniformizing system (V' , G , ir') for each W' € W", such that 

(1) S v > ° h,ww = Ji.ww and 

(2) for each injection i : (W2, G2, ^2) — > (Wi, Gi, iri), the relation \2(i) = 
Sy{ Ai(i) o (^vy)" 1 holds. 

The proof of the following lemma is similar to Proposition 4.4.8 of |CR| . 

Lemma 16.1. Suppose f : X — > X' is a good G°° map where X is an orbifold with 
smooth boundary. Then two compatible systems £1 and £ 2 ar £ isomorphic if and 
only if the pullbacks of any orbifold vector bundle on X' by £1 and £2 are isomorphic. 
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